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ABSTRACT 



This Dissertation is devoted to the detailed study of two major subjects. 
In the first part, we study non-perturbative aspects of quantum electrodynamics on 
Riemannian manifolds by using heat kernel asymptotic expansion techniques. Here, 
we established the existence of a new non-perturbative heat kernel asymptotic ex- 
pansion for a Laplace type operator on homogeneous Abelian bundles with parallel 
curvature, and we evaluated explicitly the first three coefficients of the expansion. As 
an application of this important result, we computed the imaginary part of the non- 
perturbative effective action in quantum electrodynamics and derived a generaliza- 
tion of the classical Schwinger's result for the creation of scalar and spinor particles 
in an electromagnetic field induced by the gravitational field. We also discovered 
new infrared divergences due to the gravitational corrections, which represents a 
completely new physical effect. 

In the second part of the Dissertation, we studied some aspects of a newly 
developed non-commutative theory of the gravitational field called Matrix Gravity. 
There are two versions of Matrix Gravity, in the first one, called Matrix General Rel- 
ativity, the action functional is obtained by generalizing the Hilbert-Einstein func- 
tional to matrix-valued quantities. In the second one, called Spectral Matrix Gravity, 
the action is constructed form the first two spectral invariants of a non-Laplace type 



second order partial differential operator. For the first version, we found the dynam- 
ical equations of the theory, while, for the second version, we computed the first 
non-commutative corrections to Einstein equations in the weak deformation limit. 
For Spectral Matrix Gravity we analyzed the spectrum of the theory on DeSitter 
space and found that the dynamical degrees of freedom are represented by a num- 
ber of massive spin-2 and massive scalar particles. Furthermore, we developed the 
kinematics of test particles in Matrix Gravity and found the first and second order 
corrections to the usual Riemannian geodesic flow. We evaluated the anomalous 
non-geodesic acceleration in a particular case of static spherically symmetric back- 
ground. We applied this result to study the problem of the Pioneer anomaly. 
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CHAPTER 1 



INTRODUCTION 

One of the most important achievements in theoretical and mathematical 
physics in the 20"^ century was the development of a quantized theory of fields. 
Today, this area of research is still thriving and presenting researchers with com- 
plex mathematical and experimental challenges. Quantum field theory begun when 
physicists tried to unify the newly discovered special theory of relativity with quan- 
tum mechanics. The seminal paper by P. A. M Dirac in 1927 p31 . The Quantum 
Theory of the Emission and Absorption of Radiation, represents the first attempt to 
create a quantized theory of the electromagnetic field and is generally recognized as 
the beginning of quantum field theory. 

After the work of Dirac an extraordinary amount of work in this field, both 
theoretical and experimental, was carried out by many physicists leading to striking 
discoveries. Amongst the most important are the prediction of the existence of an- 
tiparticles, relativistic effects on the spectra of atoms like Lamb shift, the discovery 
of a number of elementary particles, the formulation of the scattering matrix which 
describes the interaction and decay of particles, and the development of gauge theo- 
ries which lead to a unified formulation of three of the fundamental forces of Nature. 

Perhaps one of the most fundamental contributions to the development 
of the quantum theory of fields was given by Feynman in his dissertation ffSl , The 
Principle of Least Action in Quantum Mechanics, where he developed the formalism 
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that is known as path integral. This method is based on the description of quantum 
systems by using the Lagrangian formalism instead of the Hamiltonian one. This 
method leads to a covariant formulation of quantum mechanics and quantum field 
theory, namely a formulation in which the form of the fundamental relations does not 
depend on the system of reference used. The extreme importance of this formalism is 
promptly recognized when one attempts to unify quantum mechanics with Relativity 
which is, essentially, a covariant theory. 

The path integral gives the transition amplitudes of quantum processes as 
an integral (sum) over all the possible paths in the configuration space joining the 
initial and final states of the process. Since the integral, in Euclidean formulation, 
contains the exponential of the (negative) classical action, it is straightforward to 
realize that only the paths that are close to the one that extremises the classical action 
contributes the most to the sum. The paths that are far from the classical path become 
exponentially small and are negligibly small in the sum. Unfortunately, in many 
cases of physical interest, the path integral cannot be evaluated exactly, and therefore 
some approximations need to be used. The features of the path integral make this 
formalism particularly suitable for a semiclassical (or WKB) approximation. 

It is well known that this is not the only case in which one uses approxima- 
tion techniques. Several approximation methods have been the most important tools 
for studying phenomena in quantum field theory. The reason for that is very simple: 
as any other field of study in Physics, quantum field theory presents very complicated 
non-linear problems for which a closed analytic solution cannot be found explicitly. 
Therefore various approximation schemes have been developed in order to obtain 
observable predictions at difterent regimes. 
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One of the most important approximation schemes, especially for its man- 
ifestly covariant form, is the background field method which was developed in major 
part by DeWitt [|40ll4ni . This method is, actually, a generalization of the method of 
generating functionals developed by Schwinger |[72l|73l. The most important object 
in the background field method is the so called effective action. The effective action 
is a functional of the background field and, in principle, contains all the information 
about the quantum theory. In order to yield observable predictions, quantum field 
theory needs to give the probability amplitudes of a variety of scattering processes 
in which the initial interacting states are known and the final products can be mea- 
sured by using particle detectors. Theoretically, this interaction is studied by means 
of the so called 5 -matrix (or scattering matrix). In the Feynman diagrammatic tech- 
nique the S -matrix is described in terms of the propagator and vertex functions. The 
effective action determines the propagator and the vertex functions with regard to 
all quantum corrections. Of course, once these basic ingredients are known, the 
complete S -matrix is determined and, hence, measurable predictions can be made 
[|39ll . Moreover the effective action yields, upon variation, the effective equations 
of motion which describe the back-reaction of quantum processes on the classical 
background field. Another important feature of the effective action is its low-energy 
limit (also called effective potential), which is the natural tool for studying the vac- 
uum structure of the quantum theory under consideration. 

The effective action is one of the most powerful tools in quantum field 
theory and quantum gravity (see 11721 l43l [T4l [TTl |28]| ). The effective action is a 
functional of the background fields that encodes, in principle, all the information of 
quantum field theory. It determines the full one-point propagator and the full vertex 
functions and, hence, the whole S -matrix. Moreover, the variation of the effective 
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action gives the effective equations for the background fields, which makes it pos- 
sible to study the back-reaction of quantum processes on the classical background. 
In particular, the low energy efi"ective action (or the effective potential) is the most 
appropriate tool for investigating the structure of the physical vacuum in quantum 
field theory. 

The effective action is expressed in terms of the propagators and the vertex 
functions. One of the most powerful methods to study the propagators is the heat 
kernel method, which was originally proposed by Fock [[52| and later generalized by 
Schwinger [|72ll who also applied it to the calculation of the one-loop effective action 
in quantum electrodynamics. Finally, DeWitt reformulated it in the geometrical 
language and applied it to the case of gravitational field (see his latest book [|43ll '). 

Unfortunately, in most interesting physical cases the effective action can- 
not be computed exactly, and therefore approximation methods need to be devel- 
oped. Since the effective action can be written in terms of a path integral, one of 
the most effective approximation methods is the semiclassical perturbative expan- 
sion of the path integral in the number of loops, also known as the loop expansion. 
The basic idea is the following: all the fields are decomposed in a classical back- 
ground part (p and a quantum disturbance h, like ip = (p+ ^Ifih, where ft is the Planck 
constant. By substituting this decomposition in the classical action, one can expand 
the action in the quantum fields. The quadratic part of the expansion in the quan- 
tum fields gives the propagator and the higher order terms give the various vertex 
functions. This information is basically all we need in order to obtain the effective 
action, because, as we mentioned before, it is constructed in terms of the propagator 
and the vertex functions [[39ll43ll . The number of loops in the perturbative expan- 
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sion corresponds to the power of the Planck's constant: fi corresponds to one-loop 
expansion, represents two-loop expansion, and so on. One of the most effective 
mathematical tools to study the propagators in quantum field theory is the proper 
time method or heat kernel method which was developed by Schwinger in 11721 1731 
and then generalized to include curved spacetime by DeWitt in Il40ll42l . Some nice 
reviews on this subject can be found in 1133117911 . 

It is clear that the various approximation methods only give correct re- 
sults within their own specific regime. In other words each approximation method 
has its limits of validity. There are, mainly, three types of regimes that have been 
extensively studied in the literature (a good review can be found in [7|), 

• Semiclassical Approximation: This approximation is used in the case in which 
the fields of interest have a large mass. The main idea of the method is to 
expand all the relevant quantities (like effective action) in a series of inverse 
powers of the mass. In this way, since the mass is large, the higher order 
terms become smaller and smaller and can be treated as perturbations. Of 
course this approximation fails completely if one considers small or vanishing 
masses because the higher order terms, in the expansion in inverse powers of 
the mass, would became larger and larger posing problems for the convergence 
of the expansion. 

• High Energy Approximation: This approximation is particularly useful in the 
case in which one is interested in weak, rapidly varying background fields. 
This approximation analyzes the short-wave, and hence the high energy, part 
of the spectrum of the background field. The idea is to construct an expansion 
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in powers of the field strength. Obviously this expansion will not produce 
correct results when the field strength becomes large. 

• Low Energy Approximation: This approximation is the opposite of the previ- 
ous one, and it is used when one is interested in strong and slowly varying 
background fields. This approximation probes the long- wave, and therefore 
the low energy, part of the spectrum of the background field. In this approx- 
imation the idea is to construct an expansion in the derivatives of the fields. 
Exactly as in the other cases described above, this approximation fails if the 
field strength becomes small and the derivatives become large. 

In the first part of this Dissertation we will mainly study quantum elec- 
trodynamics on curved spacetime. However, before describing in details the work 
done here, it is important to briefly review the past literature and results about this 
subject. One of the first attempts to utilize the heat kernel method for studying the 
eff'ective action in quantum electrodynamics was carried out by Schwinger in fTlX . 
In his paper he was able to successfully derive the eff'ective action for quantum elec- 
trodynamics and evaluate its imaginary part which, in turn, gives the probability am- 
plitude for the creation of pairs of particles in an electromagnetic field. This result, 
although of fundamental importance, was obtained on a flat (Minkowski) spacetime. 
The generalization of the results obtained by Schwinger in curved spacetime repre- 
sent a much more complicated task. As mentioned before, in general cases the heat 
kernel and, therefore, the effective action cannot be computed exactly: the curved 
spacetime case is one of them. For this reason the research was focused on trying to 
obtain some results in particular regimes by using suitable approximation methods. 
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In order to study such case one of the oldest methods used was the Mina- 
ckshisundaram-Pleijel short-time asymptotic expansion of the heat kernel. This 
method is essentially perturbative, in fact in this approach the expansion is written 
in terms of powers of the curvature of the spacetime and its derivatives. Of course 
this method is inadequate when the curvature becomes large (strongly curved space- 
times). If some of the geometric invariants of the curvature are large, the method 
of partial summation has been developed in which one sums the terms in curvature 
that are large. This is still a perturbative approach because the expansion is written 
in terms of powers of the geometric invariants of the curvature that are not large. 

In the low-energy approximation, when the curvature, but not their deriva- 
tives, is large, an effective manifestly covariant method for the evaluation of the heat 
kernel asymptotics has been developed [|6l|7lll0l- In the case the derivatives of the 
curvature are small, this method effectively sums the contribution from the curvature 
of the spacetime in the heat kernel expansion. However this study does not contain 
the electromagnetic field. A recent paper [E^ overcomes this difficulty by treating 
covariantly constant gauge fields over symmetric spaces which are manifolds with 
covariantly constant Riemann tensor. 

The first part of this Dissertation deals with the evaluation of the heat ker- 
nel asymptotic expansion for covariantly constant electromagnetic field on arbitrary 
Riemannian manifolds. We obtain, for the first time in literature, an expansion, for 
the heat kernel, in powers of the geometric invariants of the curvature of the space- 
time but to all orders of the electromagnetic field. This represents a completely new, 
non-perturbative, heat kernel asymptotic expansion. Before this important result, the 
heat kernel expansion in presence of an electromagnetic field in curved spacetime. 
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and hence the effective action, were only known as power series in the electromag- 
netic field strength and its derivatives. Our result, instead, presents analytic functions 
of the electromagnetic field which means that we have effectively summed all the 
infinite contributions coming from the electromagnetic field to the effective action 
in curved spacetime. In this sense our results are non-perturbative in the electro- 
magnetic field. In physical language this means that we have a tool, which was 
missing before, for studying the behavior of matter in a gravitational field under the 
influence of a very strong electromagnetic field. One can promptly realize that these 
results can be applied, for instance, to the study of matter close to any astrophysical 
object which possesses a strong electromagnetic field (like magnetars, pulsars, etc.). 
Moreover our results can be used as a tool in order to study charged black holes, 
in particular the important subject of creation of pairs of particles near a black hole 
possessing a strong electromagnetic field. In other words, we can apply our non- 
perturbative method to any physical system under the influence of the gravitational 
field and a strong electromagnetic field. Since this result is completely new, it is 
possible that new, non-perturbative, physical phenomena, unpredictable if one uses 
perturbative methods, might be found in the near future. The results obtained in the 
first part of this Dissertation have a profound impact also in mathematics especially 
in the area of study of Kahler manifolds which are, basically, complex manifolds 
with some specific algebraic conditions imposed on them. The complex structure 
on Kahler manifolds is a covariantly constant antisymmetric two-tensor which plays 
the role of our covariantly constant electromagnetic field. Our result, applied to this 
case, would give a new heat kernel asymptotic expansion of Kahler manifolds which 
can be used to obtain specific geometric information about these manifolds. This is 
an important topic that would be interesting to study in the near future. 
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As an application of the new non-perturbative heat kernel asymptotic ex- 
pansion analyzed in this Dissertation, we studied the effective action for scalar and 
spinor fields under the influence of the gravitational and the electromagnetic field. 
In particular we considered the imaginary part of the effective action. The imaginary 
part actually measures the probability amplitude for the creation of pairs of particles, 
in particular if it vanishes no particles are created. In this Dissertation we applied the 
heat kernel asymptotic expansion in order to find the imaginary part of the effective 
action for particles in a gravitational field under the influence of an electromagnetic 
field. This important study generalizes the result obtained by Schwinger in [|72l to 
curved spacetime and effectively yields the probability amplitude of creation of pairs 
in an electromagnetic field induced by the gravitational field. Our result is of partic- 
ular importance because, in this effect, we take into account, in a non-perturbative 
fashion, the effect of the electromagnetic field in particle creation in curved space- 
time. This is a completely new result that was absent in the literature. 

Undeniably the Standard Model is the most successful achievement of 
quantum field theory, unifying strong, weak and electromagnetic interactions. How- 
ever a quantized theory of the remaining fundamental force of Nature, namely grav- 
itational interaction, remains still elusive. Researchers have put a great deal of effort 
in order to find a consistent theory of quantum gravity. This work, over the years, 
produced a number of different theories trying to reconcile quantum theory and grav- 
itation but none of them has been proved to be the correct one yet. A review of the 
present status of quantum gravity can be found in B4]| and references therein. 

For this, and other reasons, recent research has been focused on the de- 
velopment of alternative theories of gravity. The aim is to find a new theory which 
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would address the problem of quantization of the gravitational field and also some 
recent discrepancies between the predictions of General Relativity and the observa- 
tions in particular physical systems. 

In the second part of this Dissertation we will present various results con- 
cerning a newly developed theory of the gravitational field called Matrix Gravity. 
Gravity is a universal physical phenomenon. It is this universality that leads to a 
successful geometric interpretation of gravity in terms of Riemannian geometry in 
General Relativity. General Relativity is widely accepted as a good approximation 
to the physical reality at large range of scales. 

However some important open issues in General Relativity are still un- 
der debate. First of all, the experimental evidence points to the fact that all matter 
exhibits quantum behavior at microscopic scales. Thus, it is generally believed that 
the classical general relativistic description of gravity is inadequate at short distances 
due to quantum fluctuations. However, despite the enormous efl^orts to unify gravity 
and quantum mechanics during the last several decades we still do not have a con- 
sistent theory of quantum gravity. There are, of course, some promising approaches, 
like string theory, loop gravity and non-commutative geometry. But, at the time, 
none of them provides a complete consistent theory that can be verified by existing 
or realistic future experiments. 

Secondly, in the last decade or so it became more and more evident that 
there might be a few problems in the classical domain as well. In addition to the 
old problem of gravitational singularities in General Relativity these gravitational 
anomalies include such effects as dark matter, dark energy. Pioneer anomaly, flyby 
anomaly, and others [|60l . They might signal to new physics not only at the Planckian 
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scales but at very large (galactic) scales as well. 

This suggests that General Relativity, that works perfectly well at macro- 
scopic scales, should be modified (or deformed) both at microscopic and at galactic 
(or cosmological) scales (or, in the language of high energy physics, both in the ul- 
traviolet and the infrared). It is very intriguing to imagine that these effects (that is, 
the quantum origin of gravity and gravitational anomalies at large scales) could be 
somehow related. Of course, this modification should be done in such a way that 
at the usual distances the usual General Relativity is recovered. This condition puts 
some constraints (experimental bounds) on the deformation parameters; in the case 
of non-commutative field theory such bounds on the non-commutativity parameter 
were obtained in [36j. 

The main ideas of General Relativity are closely related to the geometric 
interpretation of linear second-order partial differential operators which describe the 
propagation of waves, in particular light, in the spacetime [[74ll . In fact, in Einstein's 
General Relativity, light is used to measure distances and to synchronize clocks in 
different points of the space. At the time of discovery of General Relativity the elec- 
tromagnetic radiation (light) was the only known field that could serve the purpose. 
Today it is known that there exist different kinds of fields that can transmit infor- 
mation in the spacetime in particular fields with some internal structure (like gauge 
fields). Matrix Gravity is based on the idea that the structure of spacetime can be 
analyzed with fields possessing an internal structure rather than light. The role of 
the electromagnetic field in General Relativity is played, in Matrix Gravity, by some 
other gauge field (e.g. gluons or other vector bosons) [|201l . 

This generalization to gauge fields completely changes the structure of the 
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spacetime. In General Relativity one is concerned with propagation of light which 
is described by a hyperbolic partial differential operator. The matrix of the second 
derivatives is smooth symmetric and non-degenerate, moreover it transforms like a 
contravariant two-tensor of type (2, 0). These properties allow us to interpret the 
matrix of the second derivatives as a Riemannian metric. Obviously, once the metric 
on the manifold is known, one can construct all the relevant geometric quantities 
that are used in General Relativity, like the Christoffel symbols, Riemann tensor and 
the invariants coming from it. In Matrix Gravity the picture is different. The prop- 
agation of gauge fields is determined by a system of hyperbolic partial differential 
operators. In this case the matrix of the second derivatives becomes endomorphism- 
valued, or, in other words, it becomes a "matrix of matrices". The latter object does 
not describe a Riemannian metric but rather a more general collection of Finsler 
metrics. This metric is a generalization of the Riemann metric in which the distance 
between neighboring points is an homogeneous function of the point and the tan- 
gent vectors. The spacetime manifold is, now, equipped with a matrix-valued metric 
which describes a collection of Finsler metrics. At this point the construction of all 
the geometric quantities we need is the same as in General Relativity, however, in 
Matrix Gravity, the abovementioned quantities are matrix- valued. 

Once the geometric framework is set, we need to focus on the dynamics 
of the gravitational field. General Relativity is nothing but the dynamical theory of 
the metric tensor defined on the spacetime manifold. Analogously, Matrix Gravity is 
the dynamical theory of the matrix- valued metric. However, because of the matrix- 
valued nature of the geometrical quantities, namely their non-commutative nature, 
in this theory, the definition of an action which yields the dynamics is not unique. If 
fact, if we try to generalize the Hilbert-Einstein action to matrix- valued quantities. 
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we are soon faced with the problem of ordering the matrix-valued measure on the 
spacetime manifold with the matrix- valued scalar curvature. In order to avoid this 
problem we can define the action for Matrix Gravity via spectral invariants of the 
partial differential operator which describes the dynamics of the theory. In general 
Relativity the action can be written as a specific combination of the first two global 
spectral invariants of a Laplace type operator (which in Euclidean formulation de- 
scribes the propagation of light). In Matrix Gravity we can write the action as same 
combination of the first two global spectral invariants of a more general non-Laplace 
type partial difi'erential operator. In this way the action is uniquely defined and does 
not depend on the order in which we write the geometric quantities. 

The evaluation of the dynamical equations of the theory is an important 
step because we can use them in order to study some particular case of physical 
interest. In this Dissertation we analyzed the kinematics of test particles in the am- 
bit of Matrix Gravity. We found that the motion of test particles in the spacetime 
is quite diff'erent from the predictions of General Relativity. Since Matrix Gravity 
is basically a dynamical theory of a collection of Finsler metrics, a particle is de- 
scribed by A' different mass parameters instead of one mass parameter m: For each 
Finsler metric we have a mass parameter. Every single Finsler metric in the collec- 
tion determines a particular geodesic which is followed by the corresponding mass 
parameter. The sum of all the different mass parameters is the usual mass. The 
idea here is similar to the concept of colors in Quantum Chromodynamics (QCD): 
In Matrix Gravity the mass consists of different mass parameters as in QCD; the 
proton, for example, consists of three quarks of different color. The different mass 
parameters describe the tendency for a particle to move along a particular geodesic. 
We would like to stress, at this point, that in this picture the trajectory of a parti- 
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cle "splits" in a system of trajectories (Finsler geodesies) close to the Riemannian 
geodesic. Obviously when everything commutes the bundle of trajectories collapses 
in one trajectory which coincides with the one predicted by General Relativity. As 
a result, the test particles exhibit a non-geodesic motion in the sense that they do 
not follow any geodesic derived from any Riemannian metric. This non-geodesic 
motion can be interpreted in terms of an anomalous acceleration affecting the test 
particles. Driven by this interesting result, we applied the kinematics of test particle 
in Matrix Gravity to the Pioneer spacecrafts which present an unexplained (in the 
ambit of General Relativity) acceleration. 

The outline of the Dissertation is as follows. In the next chapter we will 
review some basic technical material and concepts that have been used throughout 
the Dissertation. In the third Chapter we will derive the first three heat kernel asymp- 
totic coefficients for a covariant Laplace type operator in powers of the Riemannian 
curvature but to all orders of the electromagnetic field. In the fourth Chapter we 
will use the results obtained in Chapter three in order to study the effective action 
in non-perturbative quantum electrodynamics and compute, in particular, its imagi- 
nary part which gives the probability amplitude for the creation of pairs of particles 
in the electromagnetic field induced by the gravitational field. In the fifth Chapter 
we will be mainly concerned with the computation of the non-commutative Einstein 
equations derived from the action in Matrix Gravity constructed by generalizing the 
usual Hilbert-Einstein action to matrix- valued quantities. In the sixth Chapter we 
will focus on the action for Matrix Gravity derived from spectral invariants of a non- 
Laplace type operator. We utilize the heat kernel asymptotic expansion technique 
to compute the spectral invariants that form the action. In the second part of the 
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Chapter we use the spectral action to find the non-commutative corrections to Ein- 
stein equations in the low-energy limit, and discuss the spectrum of the theory. In 
the seventh Chapter we analyze the kinematics of test particles in Matrix Gravity, 
especially the new phenomenon of non-geodesic motion which is related to some 
anomalous acceleration. In order to obtain a more specific expression we study the 
motion of test particles in a static and spherically symmetric spacetime by using 
an algebra of 2 x 2 commuting matrices. As an application of Matrix Gravity, in 
the eighth Chapter, we describe the Pioneer anomaly in the ambit of the anomalous 
acceleration of test particles in Matrix Gravity. At the end of the Chapter we give 
an estimate of the free parameters of the theory to match the value of the observed 
anomalous acceleration of the Pioneer spacecrafts. We conclude, then, the Disserta- 
tion with a summary of the most important results obtained in this work and some 
ideas for future directions of research. 

We would like, at this point, to fix the units which will be used throughout 
this Dissertation. In quantum field theory it is convention to set 

h = c = e = I . 

According to these units, all the relevant quantities can be expressed in terms of 
length /. More precisely we obtain 

[x] = [/] = / , [m] = [Energy] = , [F] = [R] = /"^ , 

where m is the mass, F is the electromagnetic field strength and R is the scalar 
curvature. Moreover, for the gravitational constant G and the cosmological constant 
A we have 

[G] = f , [A] = . 



CHAPTER 2 



MATHEMATICAL BACKGROUND IN QUANTUM FIELD 
THEORY AND GRAVITY 



In this chapter we review the basic ideas and techniques that have been 
used over the years in the literature in order to develop a covariant formalism in 
quantum field theory. We will present the main ideas of the formal development of 
covariant methods in quantum field theory and the derivation and use of the effective 
action. Moreover, we will discuss the heat kernel method as a way (mostly used 
in this Dissertation) to deal with the effective action calculations in quantum field 
theory. In the second part of this chapter we will describe the basic mathematical 
tools that are used in Matrix Gravity. 

2.1 Introduction to Quantum Field Theory 

Classical mechanics is one of the milestones of human understanding of 
the physical world. Newton's dynamical equations describe, by means of a set of 
second order differential equations, the motion of a system of point masses. Given 
the initial position and the initial velocity for each mass, the subsequent motion is 
completely determined. This description of nature was the paradigm for many years. 
With the discovery of electric and magnetic phenomena. Maxwell realized that these 
entities were better described by utilizing the concept of field. 

The solution of Newton's equations is a dynamical trajectory, which is an 



16 



17 



object that associates to every instant in time a vector in the space. A field, instead, 
is a relation that associates to every point in space and every instant in time an object 
in a particular space. Maxwell described the electric and magnetic fields as vector 
fields. One of the most important achievements of Maxwell was the formulation of 
a dynamical theory in which the electric and magnetic fields were described as two 
manifestations of one single entity: the electromagnetic field. 

One of the most striking prediction of the theory of electromagnetism was 
the finiteness of the speed of propagation of the electromagnetic radiation in any in- 
ertial system of reference. This was a completely new feature which was not present 
in classical mechanics in which information could propagate instantly. Moreover, 
the constancy of the speed of light in any reference frame was in direct contrast with 
the well established classical Galilean transformations. In order to overcome these 
difficulties, Einstein developed a theory, special relativity, in which the constancy 
of speed of light in any inertial reference frame was the starting point. In this the- 
ory, time and space are treated on an equal footing forming a single 4-dimensional 
entity called spacetime. In special relativity the electromagnetic field is described 
by a 4 X 4 antisymmetric matrix F^^ which transforms as a tensor (a 2-form) under 
Lorentz transformations. It is soon realized, in the framework of special relativity, 
that the usual electric and magnetic fields do not have an absolute meaning. In fact, 
in different reference frames, the electric field can become a magnetic field and vice 
versa. This means that observers in different inertial systems of reference would 
not agree on what to call electric and magnetic field. In these circumstances, only 
certain invariant combinations of the electric and magnetic fields are physical ob- 
servables. For this reason it is often convenient to utilize the spectral decomposition 
of the 2-form F^y. In this way the electromagnetic field is represented in terms of 
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invariants and projection on invariant subspaces. This means that there is a reference 
frame in which F^y can be written as a block diagonal matrix where the entries are 
the field invariants. 

In the period in which Einstein developed the theory of special relativity, 
another important theory, which would change the vision of the world, was just at its 
early stages. Quantum mechanics was developed in order to explain certain exper- 
imental observations, especially in atomic physics, which could not be predicted in 
the ambit of classical mechanics and electromagnetism. A few years later, quantum 
mechanics and special relativity became accepted in the scientific community as the 
theories best suited to describe the physical world. However, it was soon realized 
that the two theories were not completely compatible with each other. The reason 
is the following: in special relativity, space and time play the same role and are 
treated equally in the formulation of the fundamental equations. In quantum me- 
chanics, instead, time still plays a privileged role, as one can see by just analyzing 
the Schrodinger equation. 

Quantum field theory was developed in order to reconcile quantum me- 
chanics and special relativity in a quantum theory that would be relativistically in- 
variant. In this theory, the microscopic world is described in terms of fields which 
transform, in a certain specific way, under the Poincare group. The Poincare group 
contains two subgroups, the Abelian group of translations along the four coordinates 
and the non-Abelian Lorentz group of rotations in Minkowski space. The fields 
are characterized by their transformation properties under the Lorentz group. More 
specifically, the Lorentz group has, in general, two types of representations in terms 
of matrices of the corresponding algebra. The first type representations are called 
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single-valued and the second type representations are double-valued. Fields that 
transform under the single-valued representations of the Lorentz group are tensor 
fields, such as scalar and vector fields. The fields that transform under the double- 
valued representation of the Lorentz group are called spinor fields. These represen- 
tations are also called spinor representations of the Lorentz group. The more familiar 
concept of spin of a field is related to the particular dimension of the representation 
of the Lorentz group under which the field transforms. 

The dynamics of a field is described by an action functional. From the 
action one derives the dynamical equations for the fields by utilizing the station- 
ary action principle. For instance, the dynamics of scalar fields is described by the 
Klein-Gordon equation and the dynamics of fields of spin 1 /2 is described by the 
Dirac equation. In general the fields satisfy hyperbolic second order partial diff'er- 
ential equations together with some suitable boundary conditions which are usually 
determined from the particular physical situation. The canonical quantization pro- 
cedure for field theory is the following: one solves the dynamical equations by using 
the Fourier transform method. In this way the field will be described by a Fourier 
integral containing a combination of positive and negative frequencies. The field is 
quantized in the canonical quantization scheme by treating the field as an operator 
and by imposing specific equal time commutation relations. These relations induce 
similar commutation relations to the coefficients of the negative and positive fre- 
quencies in the solution for the field. These coefficients, which are now operators as 
well, are interpreted as creation and annihilation operators. 

Let us, now, describe in more detail the Klein-Gordon and the Dirac equa- 
tions in the light of their use in Chapter 4. It is well known that the Klein-Gordon 
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equation can be derived by varying the following action functional with respect to ip 

Skg= f dxg"\g>'''V,^*Vy^ + m^ip*ip), (2.1) 
Jm 

where (/? represents a complex field, m its mass, M the spacetime manifold, dxg^^^ 
the invariant measure on M and is the covariant derivative. Since in this Disser- 
tation we are primarily interested in curved spacetimes, we consider the following 
generalization to curved spacetime of the above action functional 

Skg= r Jx^'^'(/%/V,^ + ^i?/^ + mV», (2.2) 
Jm 

where R is the scalar curvature, and ^ is a dimensionless coupling constant which 
represents the interaction of ip with the gravitational field. In general, one tries to 
find the simplest generalization from flat to curved spacetime. However, more com- 
plicated choices can be made if there are important, physical or technical, reasons to 
do so [ISTTl . 

We would like to stress, at this point, that the action (|2.2I) describes the 
dynamics of a free scalar field in curved space. In order to describe a self-interacting 
scalar field, one can add a self-interaction term to the action (12.21) : The most common 
term is X{ip*ipf-, where X is the coupling constant for self-interaction. In this case, 
by varying the action functional containing X{ip*ipY, one would get the following 
dynamical equation 

^scalarV' = , (2.3) 

where 

^scalar- = -A + ^7? + + Q,^^^^ , (2.4) 
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where A is the Laplacian containing covariant derivatives and Qscaiar = 2A(p*((p*(p). 
In Chapter 4 we consider charged free scalar fields. In this case no self-interaction 
is present and the term Qscaiar is set to zero. 

The dynamics of fermions, such as electrons, in flat spacetime is described 
by the following action 



where ilf represents the spinor field, iff is the Dirac conjugate and are the gamma 
matrices. The variation of this action with respect to the independent field leads to 
the Dirac equation. The generalization of the above action to curved spacetime is 
obtained by replacing the ordinary derivative with covariant derivative. No scalar 
analytic term proportional to the curvature of the spacetime can be added to the 
above action because any invariant of the spacetime curvature does not have the 
right dimensions. In order to obtain a wave equation for spinors, one considers the 
square of the Dirac operator D = /t^V^ + m. More specifically, one has 



By writing the coefficient of the second derivatives as sum of the commutator and 
anticommutator of the gamma matrices and by taking into account that the commu- 
tator of the covariant derivatives introduces the Riemann curvature tensor R'^/jv as 
follows 




(2.5) 



'spinor 



= DD = (-iy^V^ + mXiyV^ +m) = y^y'^V^Vy + np- . 



(2.6) 




(2.7) 



it is not difficult to prove that one obtains 



'spinor 



= -^ + -R + rn^ . 



4 



(2.8) 
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As we can notice, from the last expression, there is a very specific value, ^ = 1/4, of 
the coupling constant for spinors in the gravitational field which is the same in any 
dimension. 

Let us consider, now, the case in which a background electromagnetic 
field F^y is present, which will be studied in Chapters 3 and 4. As it is explained 
in detail in the next section, introducing a background electromagnetic field in the 
formalism is equivalent to replacing the covariant derivatives in the action with 
= + zA^, where represents the vector potential. For charged scalar fields, 
the introduction of the electromagnetic field is treated in detail in the next section. It 
is interesting to consider spinor fields in curved spacetime under the influence of a 
background electromagnetic field. By using the exact same argument that lead us to 
equation (12.81 ), and by noticing that, in this case, 

[V^, V,]iA = \^R"\.y[ayb} + iF^^ lA , (2.9) 

one gets 

1 2 

^spinor = -A + -i? + m + Qspinor , (2.10) 

where in this case it is not difficult to show that 

Qspinor = -^/^^vTV • (2.11) 

Obviously, in absence of the underlying electromagnetic field, the term Qspinor van- 
ishes. The presence of the term Qspinor in the previous equation represents the reason 
why spinors and scalars behave differently in an electromagnetic field. It is the spin, 
represented by the antisymmetric product of gamma matrices, that directly couples 
with the electromagnetic field. 
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In fact, in the semiclassical approximation, charged scalar fields are de- 
scribed by just their electric charge. Spinor fields, instead, are described by the 
electric charge and the so called magnetic moment 

^^=is, (2.12) 

where s represents the spin of the particle. For instance, the intrinsic magnetic mo- 
ment of the electron is the negative of the Bohr magneton hb which, in the usual 
units, has the value 

Pit 

IXb = — = 9.27 • 10"^^ J . (2.13) 
2me 

The magnetic moment couples to the electromagnetic field making spinors behave 
difi'erently from scalars in an electromagnetic field. This diff"erent behavior is the 
reason why we obtain difi'erent results for the creation of scalars and spinors in 
curved spacetime under the influence of a strong electromagnetic field in Chapter 4. 

An important difference between quantum mechanics and quantum field 
theory is in the description of particles. In quantum mechanics, a certain wave func- 
tion is an element of the Hilbert space and describes a system with a fixed number 
of quantum particles. Moreover it is well known that the number of particles is con- 
served. In quantum field theory a field is an element of a more general Fock space 
which is a direct sum of Hilbert spaces; this field describes quantum states with 
variable number of particles. This means that in quantum field theory the number of 
particles is not constant leading to the interesting phenomenon of creation of parti- 
cles. In this framework, the operators introduced in the fields above are interpreted 
as creation and annihilation of particles. 

Quadratic actions containing single fields describe the propagation of free 
fields without interactions. However, interesting physical processes arise from the 



24 



interaction of two or more fields. These processes are described by adding a La- 
grangian of interaction to the free Lagrangian of the field. In particle physics one 
tries to predict the outcome of a process of interaction of two or more fields in a finite 
region of the spacetime. In particular, one is interested in the probability that specific 
"in" quantum states become, after interaction, some "out" quantum states, in other 
words scattering of particles. This probability amplitude is given in terms of the so 
called S -matrix. As explained later, these fundamental quantities are expressed in 
terms of the so called effective action. 

One of the most interesting features of quantum field theory is the struc- 
ture of the vacuum. The vacuum is defined as the quantum state with no particles. 
However, in quantum field theory the vacuum is not really "empty". In fact, there are 
continuous processes of creation and annihilation of pairs of particles. This means 
that the vacuum is a very dynamical entity. In the mathematical framework of the 
effective action, these processes of creation and annihilation of pairs in the vacuum 
are described by the imaginary part of the effective action. One interesting process 
related to the properties of the vacuum is the Schwinger mechanism. Suppose that 
we introduce a constant electric field in a region where the are no particles (vacuum). 
As we already mentioned above, pairs of particles and antiparticles are created and 
annihilated. Now if the electric field is not strong enough (of energy less than the 
rest mass of the pairs created), all the created pairs will behave like small electric 
dipoles and will align with the field generating a "dielectric effect". This dielectric 
effect of the vacuum is also known as vacuum polarization. Now let us suppose that 
the energy density of the electric field is much greater than the rest mass density of 
the pairs produced in the vacuum. At this point once a pair (of opposite charges) 
is created the positive one tends to move parallel to the electric field lines and the 
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other, charged negatively, tends to move in the opposite direction. In the assumption 
of strong electric field, the two particles that are created drift apart to the point in 
which they cannot annihilate each other. This means that particles have been created 
because of the presence of a strong electric field. Schwinger found that the rate of 
particle production of mass m and charge e per unit volume and per unit time in a 
constant electric field E is given by 11721 



Formally, the presence of the electric field leads to an imaginary contribution in the 
effective action which is interpreted as probability of creation of particles. This pro- 
cess of particle creation in an electric field was studied by Schwinger in a Minkowski 
(flat) space and for strong constant electric fields. In this Dissertation, we general- 
ize his result to Riemannian (curved) spaces and strong covariantly constant electric 



the above theories do not take into account General Relativity (GR). GR is a the- 
ory of the gravitational field in which the spacetime is described by a manifold and 
the gravitational field is described by a symmetric non-degenerate 2-tensor field g'^" . 
GR successfully describes a wide range of physical phenomena at large scales. De- 
spite this, it is believed that at a more fundamental level any theory describing the 
physical world should be quantized. Great efforts have been made in order to find 
a consistent theory of quantum gravity and yet this is still an open problem. Many 
theories have been conceived in order to unify quantum mechanics and General Rel- 
ativity, but none of them seems to be correct. One of the most difficult problems 
to overcome when trying to construct a quantum theory of gravity is that General 




(2.14) 



fields. 



In all the discussion above there is an important element missing; namely 
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Relativity falls in a class of theories that are non-renormalizable. This means that 
the infinities that appear in the quantized theory cannot be consistently removed, 
unlike renormalizable theories in which this procedure is well defined. One of the 
most important achievements in the direction of a full quantized theory of gravity, 
was the development of quantum field theory on curved space. In this theory, the 
gravitational background is treated classically and the fields defined in the spacetime 
are quantized. Even though quantum field theory in curved space is just an effective 
theory (it should be the result of a certain limiting case of the full and still unknown 
quantum theory of gravity), it has predicted some important phenomena. The most 
famous one is the Hawking radiation. Hawking discovered that a black hole emits a 
thermal radiation with a black body spectrum due to quantum effects. The Hawking 
radiation process reduces the mass of the black hole and is also known as black hole 
evaporation. Besides the problem of quantization, it has been recently discovered 
that the predictions of General Relativity are not in full agreement with the obser- 
vations. Because of the open issues in General Relativity and its problems with 
quantization, it is generally believed that a new theory of gravity needs to be found. 
For this reason, in this Dissertation we study a modified theory of gravity called 
Matrix Gravity in which the gravitational field is described by a matrix-valued met- 
ric tensor. The idea is to understand whether or not this modified theory is able to 
address and solve the open issues that are present in General Relativity. 

2.2 The Electromagnetic Field as t/( 1 ) Gauge Theory 

In this section we will explicitly show that the electromagnetic field can 
be described as the gauge theory of the t/(l) group following the discussion in |[69l . 
We will see that the electromagnetic field arises naturally by requiring the invari- 
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ance under local f/(l) transformations of the Lagrangian for a charged scalar field. 
A charged scalar field is described by two real functions or, equivalently, by one 
complex function. In what follows we will restrict ourselves to the case of a (flat) 
Minkowski spacetime. The Lagrangian for a complex field (p can be written as fol- 
lows 

£ = {d,fW(l))-m^f<P . (2.15) 

Obviously, this Lagrangian is invariant under internal rotations of the field; namely 
under the following transformation 

(p^e^'^cp, (2.16) 

with A being an arbitrary constant. This transformation implies that the field is 
rotated at every point in the space at the same time. This is in contrast with the 
principles of special relativity in which information propagates at finite speed. For 
this reason a more appropriate transformation (which respects the principles of Rel- 
ativity), is the following 

0*^e'AW0*. (2.17) 

These transformations are called local U{1) transformations. At this point one can 
easily see that the original Lagrangian is no longer invariant under the transfor- 
mations (12.171 ). More precisely, under the transformations (12.171) the field and its 
derivative vary as follows 

S(f> = -iA(x)(p , d(df,4>) = -iA(x)(df,(p) - i[df,A(x)]4> . (2.18) 

By using the above variations, one can show that the variation of the Lagrangian 
(12.151 ) is not vanishing, but acquires an additional term 

6£ = rd,A{x), (2.19) 
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where 

j, = i [-(Pd.f + fd.cp] . (2.20) 

Now, in order to make the original Lagrangian invariant under the transformations 
(12.171) . we need to introduce an additional term for which the variation cancels ex- 
actly the variation of the original Lagrangian. This means that we add to (12.151 ) the 
following term 

Xi = -fA^ , (2.21) 
where is a vector field which varies, under the transformations (|2.17l) as follows 

A^^A^+d,K{x). (2.22) 

We now proceed with the variation of X+Xi , and check if this combination 
is invariant under local U{\) transformations. By taking the variation of both terms 
we obtain 

6L + 5Xi = -((5/)A^ = -20VA^ 5^A(;c) . (2.23) 

As we can see, the last combination is not yet invariant. In order to cancel the above 
term, we introduce, in the same spirit as earlier, the following term 

X2 = • (2.24) 

Now, by taking the variation of the combination X + Xi + X2, we finally obtain 

5£ + 6L1 +6£2 = 0. (2.25) 

This means that the correct Lagrangian for a charged field which is invariant under 
local U(l) transformations is the following 

XcF = {d^fWcp) - mVV - i {-(p&'f + f + A^A^(/>*0 . (2.26) 
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At this point we see that the vector field enters the Lagrangian and 
interacts with the field (p. One, therefore, expects that this field would be dynamical. 
Let us then, write a Lagrangian that describes the dynamics of the new field A^. The 
Lagrangian for A^,, in general, must be a scalar quadratic in the derivatives of the 
field and invariant under local gauge transformations. The simplest choice would be 
Xa = (i^^;Ay)(5^A''). However, this choice is not gauge invariant. A gauge invariant 
quantity which can be constructed from the derivatives of is the following 2-form 

F^, = d,A,-dA,. (2.27) 

Therefore, the Lagrangian describing the dynamics of the field A^ invariant under 
the local gauge transformations (12.171 ) is 

Xa = —F.vF^" ■ (2.28) 

The dynamics of the complex scalar field (p coupled with the field is described by 
the Lagrangian 

Xxotai = (d,fW4>)-m^cf>*(f>-i[-cf>d^cf>* + 0*5^<^]A^+A^AW-^ ■ (2.29) 

Let us, now, see what the dynamical equations for the field A^ are. It is not 
difficult to prove, by varying the action constructed from (I2.28|) . that the dynamical 
equations for A^ are 

d^F"" = -J"" , (2.30) 

where 

= KfdyCf) - (f)dyf) - 2Ayf(f> . (2.31) 

These are nothing but the covariant version of Maxwell's equations for the electro- 
magnetic field, where A^ is the vector potential. 
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We would like to mention, here, that this discussion has a nice geometrical 
interpretation. The final Lagrangian (12.291) can be written, by rearranging the terms, 
as follows 

XcF = (V,0*)(V^0) - - \f^,F^'' , (2.32) 

where we have defined a covariant derivative as 

= 5^ + iA^ . (2.33) 

This derivative is nothing but the covariant derivative defined on the U{\) bundle 
which transforms covariantly under U{1) transformations. In this interpretation, the 
vector potential is nothing but the connection coefficient. Since, in general, the 
covariant derivatives do not commute, their commutator is called curvature. The 
commutator of the covariant derivative on the f/(l) bundle is 

[V/„Vv]0 = /F^,0. (2.34) 

Therefore, the electromagnetic 2-form is nothing but the curvature of the U{\) 
bundle. This discussion shows that there exists a nice geometrical interpretation of 
the origin of the electromagnetic field as a gauge theory. 

2.3 Effective Action in Quantum Field Theory 

In this section we will describe the role of the effective action within the 
framework of quantum field theory. We will be mainly concerned, here, with the 
description of the quantization of non-gauge field theories (for a detailed description 
of the quantization of gauge field theories see [331 ). 

The basic object of any physical theory is the spacetime which is described 
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as a n-dimensional manifold, say M, with the following topological structure 

M = IxX, (2.35) 

where / is a one-dimensional manifold diffeomorphic either to part of or to the whole 
real line, and 2 is an (n - l)-dimensional manifold. The manifold M is assumed to 
be globally hyperbolic and equipped with a pseudo-Riemannian metric. These con- 
ditions are sufficient for saying that the spacetime manifold M possesses a foliation 
into spacelike sections diffeomorphic to 2. This topology is necessary in order to 
have the correct causal structure of the spacetime. The additional structure of a vec- 
tor bundle "V can be defined over the spacetime manifold M, where each fiber is 
isomorphic to a vector space V. The sections of the vector bundle over the mani- 
fold M, which we can denote by (p', are the fields. The fields describe different kinds 
of particles (depending on the structure of the vector bundle) in quantum field theory 
[|28l . In what follows we will consider bosonic fields. The label "i" attached to the 
field represents a compact notation introduced by DeWitt and denotes not only its 
components but also the point in spacetime where the field is defined. This label 
can be considered as a set of two labels i = {A, x) where A is a discrete index taking 
values from 1 to some D associated with the field, and x is the spacetime point [fT6l , 
for instance we can write 

(f' = (p\x) and / = (p\x') . (2.36) 

The set of all possible fields (p' on every point of the spacetime manifold is a manifold 
itself, M, and is called configuration space. 

The first and most important assumption in quantum field theory is that 
every isolated dynamical system is describable in terms of a characteristic action 
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functional, S , defined on the configuration space M with values on the real line, 

5 : M ^ R . (2.37) 

The dynamics of the isolated system is described by the least action principle; In 
other words, the dynamics is determined by setting the first functional derivative of 
the action with respect to the independent fields to zero, 

^ = . (2.38) 

The fields that satisfy the above equation, and suitable boundary and initial condi- 
tions, are called dynamical fields. They form a subspace of the configuration space 
M called dynamical subspace which is often called, in quantum field theory, the 
mass shell [[T6ll. 



Most of the problems in quantum field theory deal with processes of scat- 
tering of particles. In more details, in the remote past we have well defined mea- 
surable field states (or particles) which are described by the linearized equations of 
motion. As the system evolves in time, the field states interact in a specific finite 
region in the spacetime. The equations describing this interaction are highly non- 
linear and cannot be solved exactly. After the interaction, in the remote future, we 
have again well defined measurable field states which, in general, are different from 
the initial states. We will call the initial state |in) and the final states |out) which 
are defined, respectively, in the remote past and in the remote future. The scattering 
process is, then, essentially described by the transition amplitude (in|out). 

A powerful method for studying the transition amplitudes is given by the 
Schwinger variational principle which gives a relation between the variation of the 
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transition amplitude (in|out) and the variation of the action describing the dynamical 
system in the region of interaction. In more detail, the principle states that 

(5<in|out) = i<in|55|out) . (2.39) 
n 

This principle is generally recognized as the principle of quantization because all 
the information about the quantum system can be derived from the above equation 
[fT6ll39ll43l . In general the action is replaced with a functional obtained by adding, 
to the previous action, a linear interaction with an external classical source 7, namely 

5(^)^5(^) + V, (2.40) 

where repeated indices mean a summation over the discrete labels and an integration 
over the continuous ones. Under this variation of the action functional the transition 
amplitude (in|out) becomes a functional of the external source 7, in other words 

Z(7) = <in|out)|s(y)_s(y)+7,y, . (2.41) 

Some of the most important objects in quantum field theory are the chronological 
mean values of the quantum fields defined as 

<in|r(y'"---y'')|out) 
(m|out) 

where T represents the chronological ordering operator which orders the noncom- 
muting quantum fields with respect to their time label from right to left. 

By considering the following specific variation of the action 

5S = 6Ji(p' , (2.43) 
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it can be shown [[T6j |28l [39l |43]| that Z(7) is the generating functional for all the 
chronological amplitudes, namely 

Z(7 + 7i)=y ^r]i, ■ ■ ■ rjiAmi^'" ■ ■ ■ v'')|out) . (2.44) 

n>0 

The chronological amplitudes are easily obtained by repeatedly differentiating the 
above functional with respect to the auxiliary fields 77 and then setting rj equal to 
zero. 

From the functional Z(7) one can construct a new functional W{J) defined 
as follows 

Z(7) = e'^(^) . (2.45) 

The utility of this newly introduced functional W(J) is soon recognized by taking 
its functional derivatives with respect to the external sources; explicitly, one obtains 

mmmm 

(^'■" ■■■<f'^) = (-/) V-'-^^^ — ^^e'-^^^ , (2.46) 

OJi ■ ■ ■ OJs 

where (^'" ■ ■ - (p'^) is the mean value of the quantum fields. In particular one has [fT6l 

(if') = 0' , (2.47) 

{(f'ifj) = (f>'4>j + -G'j , (2.48) 
i 

{ip'ip^ip'') = + - G'j^ , (2.49) 

i 

where the parentheses () denote symmetrization over the included indices, 0' rep- 
resents the background (or mean) field, G'^ is the one-point Green function (or 
propagator) and G'^*" is called multi-point Green function. To summarize, Z(7) is 
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the generating functional for the chronological products and W(J) is the generating 
functional for the Green functions. 

It is clear that the mean field is a functional of the external source J. It 
is not difficult to show that the functional derivative of the mean field with respect to 
the external source is the propagator G'K Therefore, if the matrix (propagator) G'^ 
is non-degenerate we can write the external source 7 as a functional of 0. By using 
this property, it can be shown [|39l l43ll that there exists a functional T((p), the effec- 
tive action which depends on the mean (background) field (p and is the functional 
Legendre transform of W{J), namely 

r(0) = WiJ) - Ji(f>' . (2.50) 

In terms of the efi'ective action the dynamical equations of the theory take the form 

= ' (2.51) 

fjk,n^_^m^ (2.52) 



where the first equation represents the effective equations of motion determining the 
dynamics of the background field, and the second relation defines the full propaga- 
tor of the theory, namely the propagator of the background field with regards to all 
quantum corrections. The higher functional derivatives of the effective action de- 
termine the full vertex functions. We can say, then, that the effective action is the 
generating functional of the full vertex functions. The vertex functions and the full 
propagator determine the full Green functions and, hence, the chronological ampli- 
tudes which, in turn, give the complete matrix of scattering processes. It is clear, 
at this point of the discussion, that the effective action is the most important ob- 
ject in the theory because it encodes all the information about the quantum fields 
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[fT6l[28l [39ll43l ■ An advantage of basing the theory on the effective action is that the 
external sources no longer appear. Moreover, as we will see later in this section, the 
functional integral representation of the effective action has a particularly suitable 
form for a perturbative analysis ||46l . 

A very useful representation of the effective action is via the Feynman 
path integral. By integrating the Schwinger variational principle, one obtains the 
following expression for the (in|out) amplitudes Il28ll , namely 

(inlout) = Dipcxpl^^[S(cp) + 7,/]| , (2.53) 

where D(p represents the functional measure defined on the configuration space. 
From this last expression it is possible to get a useful representation of the effective 
action 1161 |2H1, more precisely 



exp|^r(0)| = J D(pexp\^ 



n 



(2.54) 



Strictly speaking this expression is purely formal, however meaningful results can 
be obtained in the framework of perturbation theory. For this reason it is convenient 
to use the semi-classical approximation of the effective action. One decomposes the 
effective action according to: 

r = 5 + Z , (2.55) 

where E is called the self-energy functional which describes all the radiative correc- 
tions to the classical theory |fT6l . The self-energy functional is computed in terms of 
an asymptotic expansion in powers of h as follows 

(2.56) 

k>l 



37 



The next step is to substitute the above expansion for Y in the functional integral 
representation (|2.54l) . and to make a change of variables in the functional integral 

= + yfnh, (2.57) 

where is the background field and h represents a small quantum perturbation. 
Because of the above change of variables, the measure in the functional integral 
(12.541) transforms as D(p = Dh and the classical action in the functional integral is 
expanded in terms of h as follows [|28l . 

Si(()+ y/nh) = si(f>)+ yfn ^^^h' - ^h'^ij{(p)y 



CO , n 



+ ygj ^"^<« A- . (2.58) 



... 5(p'^ ■ • -50'" 

where =Sf is a partial differential operator, which is also called the operator of small 
disturbances, defined as the second variation of the classical action 

= -- . (2.59) 

We would like to stress that in a non-gauge field theory this operator is 
non-degenerate, and therefore has a well defined Green function G = and a 
well defined functional determinant. In what follows we will consider non-gauge 
field theories. At this point all the needed quantities are expanded in powers of the 
small disturbances h. The final step is to expand both sides of the functional integral 
relation (|2.54l) in powers of fi and equate the terms of equal powers in h. This expan- 
sion is called the loop expansion where the number of loops is given by the power 
of fi. The terms in the final expansion in fi are functional integrals as well. However, 
since we previously expanded in powers of the small disturbances, the functional 
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integrals are of Gaussian form and can actually be computed. These Gaussian inte- 
grals contain the quadratic form h'J:fij(^)h-' and the result of the integration is written 
in terms of the functional determinant of the operator J^, namely Det and also in 
terms of the bare propagator G = . In general one finds the following integrals 
[[161121 



r £>/zexp(-^/z'^y/i4 = (Det^r^ , (2.60) 
D/zexpj-^/z'^yi^j/i*^' ■•■/z*^^-' = 0, (2.61) 



r m exp [--h'^ijhA /z*' • • • h^'-" = -^^(Det ^)~5G(^'*^2 . . . Qk2.,-ik2„) (2.62) 
Jyvi 2 J 2"n\i" 

The above expansion and the Gaussian integrals give a method to evaluate recur- 
sively all the terms Y^k) of the expansion of the effective action. Since we are partic- 
ularly interested in the one-loop eff"ective action, we will explicitly compute r(i). By 
substituting the expansions (12.581) and (12.561) in the expression (12.541) . one obtains 



exp {/r(i)(0)) exp ^^(M \ = 



k=2 



Dh exp I - exp |/ 



„_3 50" ■ • - Sep'' 

_ ifn^-^^^I^hA (2.63) 

By equating the same power of h on both sides of this equation we obtain, in partic- 
ular for the one-loop efl'ective action, the following expression 

exp{ir(i)(0)} = J DhQx^^-Ui'^ijh^ . (2.64) 

By using the integral in (12.601) it is easy to show that |fT6l[^ 

r(i) = ^logDet^. (2.65) 
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It is clear now that the effective action is a fundamental object in quan- 
tum field theory. All the information about quantum theory is encoded in the func- 
tional structure of the effective action, its functional derivatives give the full vertex 
functions and therefore the full propagators of the theory with are used to build the 
scattering matrix. We would like to stress that neither the classical action nor the 
self-energy functional are physical objects by themselves, only the effective action, 
r = 5 -I- S, describes physical and measurable processes. If the self-energy func- 
tional has some divergent terms one can add equal and opposite counter-terms to the 
classical action. The coupling constants of these terms are the observable ones. The 
classical action with the addition of these counter-terms is called the renormalized 
classical action. This is, in a nutshell, the main idea of renormalization theory [[T6ll . 

In a physical theory the effective action describes the in-out vacuum tran- 
sition amplitude via 

(out|in) = exp[/r(i)] . (2.66) 

The real part of the effective action describes the polarization of the vacuum of quan- 
tum fields by the background fields and the imaginary part describes the creation of 
particles. Namely, the probability of production of particles (in the whole spacetime) 
is given by 

P=l- Kout|in)p = 1 -exp[-2Imr(i)] . (2.67) 

Unitarity requires that the imaginary part of the effective action should be non- 
negative 

lmr(i)>0. (2.68) 
Notice that when the imaginary part of the effective action is small, one has 

/'«2Imr(i). (2.69) 
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The one-loop effective Lagrangian is defined by 




(2.70) 



M 

Therefore, the rate of particle production per unit volume per unit time is given by 
the imaginary part of the eff'ective Lagrangian 

i? = — «2ImX. (2.71) 

We would like to make a final remark here. In quantum field theory, the 
operator ^ describes the propagation of small disturbances in the spacetime and is 
a hyperbolic operator. By performing a Wick rotation, t —> it, Minkowski space 
gets mapped into the Euclidean space. In particular, the hyperbolic operator ^ be- 
comes an elliptic operator. The Euclidean formulation has some advantages: Elliptic 
operators have been intensively studied and important information is known about 
their spectrum. Moreover, it is easier to study the convergence of the integrals pre- 
sented above resulting from the path integral formulation. Of course once a solution 
is found in Euclidean formulation, one can rotate back to Minkowski formulation 
and obtain the solution for Minkowski space. After a Wick rotation one obtains the 
Euclidean eff'ective action which is defined by 

r(i)=£'^logDet=$f , (2.72) 

where g is the fermionic number of the field, (-1-1) for bosons and (-1) for fermions. 
This particular form of the one-loop eff'ective action will be used in Chapter 4. 

In this section we exposed the very basic and main ideas of the eff'ective 
action approach to quantum field theory. A more detailed description of the sub- 
ject (including gauge theories) can be found in the references that have been cited 
throughout the section. 
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2.4 The Heat Kernel Method 

In the previous section we saw that the one-loop effective action is written 
in terms of the functional determinant of the operator of small disturbances which, 
in general, is a second order partial differential operator. The main challenge, at 
this point, is to find a formal way to deal with the determinant of an operator. The 
functional determinant is defined as a formal expression, and therefore needs to 
be regularized. In renormalizable field theories this procedure can be carried out 
in a consistent way. However, many field theories of physical interest, including 
General Relativity, are non-renormalizable. The short time asymptotic expansion 
of the trace of the heat kernel is constructed in terms of spectral invariants which 
determine the spectral asymptotics of the operator. Before starting to analyze the 
heat kernel methods, we will introduce the Laplace type operator on manifolds and 
present its main features. 

2.4.1 Laplace Type Operators 

We consider an n-dimensional manifold M which is smooth, compact and 
without boundary equipped with a positive definite Riemannian metric g. The couple 
(M, g) will denote a Riemannian manifold with the properties described above. The 
coordinates on M will be denoted by ^f where /i ranges over {1, • • • n}. For any point 
p on the manifold we can locally define the tangent space TpM to the manifold M at 
the point p. The space TpM is the vector space of tangent vectors to M at the point 
p. Moreover, the space T*M is the cotangent space to the manifold M at the point 
p and represents the space of the linear functionals, also called forms, acting on the 
tangent vectors. 
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The tangent bundle TM is the disjoint union of the tangent spaces at each 
point of the manifold M. The notion of bundle can be easily generalized, in particu- 
lar, to vector spaces V. A vector bundle 'V is the disjoint union of the vector spaces 
V at each point of the manifold M, moreover the dual bundle 'V* is the vector space 
of all the linear functionals defined on "V. A section of the vector bundle is a smooth 
map 

(p:M^^, (2.73) 

such that at each point of the manifold M it associates a vector in the vector bundle 
•y. It is easily recognized that this map represents a vector field defined on the 
manifold M which we will denote by ^ where A ranges over {!,••• ,dimV}. Of 
course this idea can be generalized to functions, tensors, etc. giving functions, tensor 
fields etc. defined on a manifold. The vector bundle 'V itself has the structure of a 
manifold. We equip the vector bundle with a non degenerate, Hermitian positive 
definite metric 

E ■.'Vx'V ^R, (2.74) 

which we will call the fiber metric on the vector bundle 'V and which can be naturally 
identified with the map 

E-.'V^V . (2.75) 

Since we aim at introducing operators on manifolds, particularly the Lapla- 
cian, we need to construct a suitable space where the operator can be defined, namely 
a functional space. For M we introduce the natural Riemannian volume element de- 
fined by the Riemannian metric g^y on the manifold M as follows: dYol(x) = dx g^^^, 
where g = |detgy^v|. We introduce the set C°°('y) of all smooth sections of the bundle 
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•y, which is a vector space. Let ip and ij/ be in C°°('y). By using the fiber metric, in 
the above functional space we introduce the following inner product 

(^,(A)= r dyo\{x)ip\x)EAB{x)il,\x) . (2.76) 
Jm 

Therefore the space C'^i'V), equipped with this inner product, is an inner product 
space. The inner product space can be made into a normed space by defining the 
following norm 

\\ipf = (cp, <fi)= f dwo\{x)ip\x)EAB{x)ip\x) . (2.77) 
Jm 

By completing the space C°°(^) with respect to this norm one obtains the Hilbert 
space =Sf ^("V) of square integrable sections of the vector bundle 'V. 

A connection on the vector bundle "V is a linear map 

V : C°°(^ C°°(T*M (8) "V) , (2.78) 

from the smooth sections of the bundle to 1-form valued sections of the bundle 
•y obeying the Leibnitz rule. We assume that the connection is compatible with the 
Hermitian metric on the vector bundle . Li a more explicit form we write 

V^<p = (ld^ + ^^)<p, (2.79) 

where I represents the identity on the vector bundle "V and £^ are the connection 
coefficients which bear a mixture of fiber and manifold indices. We would like to 
stress here that the operator defined above is a derivative operator. By explicitly 
writing all the indices we have 

V^/ = {d^B ®d, + s^/b) / , (2.80) 
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We can also define the formal adjoint V* of the derivative operator V with the help 
of the Riemannian metric on M and the Hermitian structure on 'V. Finally, let Q € 
C"'(End('V)) be a smooth section of the bundle of the endomorphisms of the vector 
bundle "V. 

A Laplace type operator is a linear partial differential operator 

^ : C^CV) C'^i'V) , (2.81) 

of the following form 

^ = V*V + (2 = -g^^V^Vy + Q . (2.82) 

In local coordinates the Laplacian operator can be written, in a manifestly self- 
adjoint form, as 

g'^^V, = A = g-"\d, + A,)g"Y\d, + A,) . (2.83) 

One can write the above operator by explicitly separating the terms with second, first 
and zeroth order in the derivatives, namely it is possible to show that 

^ = -f^'di.dy + lfdi, + c, (2.84) 

where 

If = -2g^'A,-g-''%(g''^g^'), (2.85) 

c = Q-g^^A^Ay-g-'/Xig^'Y^Ay). (2.86) 

Associated to any partial differential operator there is a function cr(x, ^) 
called the symbol, 

o- : M X t;m (End(^)) , (2.87) 
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which is obtained from the operator by replacing the derivatives with a covector 
(momentum). For the operator considered above, it reads 

CT{x, ^ = inx)^,^y + mx)^, + c(x) . (2.88) 

The leading symbol ctl of =5f is the part of the symbol with the highest power of the 
covector ^. In the case we are analyzing, it has the form 

(TL(x,^) = lg^\x)^f,^y. (2.89) 

From the form of the Laplace type operator we can say that the second 
order part of =5f is determined by the metric g^'' on the manifold M, the first order 
part of is determined by the connection on the vector bundle and the 
zeroth order part of ^ is given by the endomorphism Q. It is important to say that 
any second order partial differential operator with a scalar leading symbol given by 
the metric is of Laplace type and can be put in the above form by a suitable choice 
of the connection and the endomorphism. 

Second order partial differential operators can be classified by utilizing 
their leading symbol. For Laplace type operators this classification is equivalent to 
the following: 

• The operator =Sf is elliptic if the eigenvalues of g^'' are all different from zero 
and have the same sign. 

• The operator ^ is hyperbolic if the eigenvalues of g^'' are all non-vanishing 
and all have the same sign except one that has the opposite sign. 

• The operator ^ is parabolic if the eigenvalues of g^^ have all the same sign 
except one which is zero. 
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It can be proved that the Laplacian, and therefore the operator 5£ , is an 
elliptic and symmetric partial differential operator. An important property that we 
will assume for the second order partial differential operators in the rest of this work 
is for them to be self -adjoint. An operator is called essentially self-adjoint if for any 

{^<p,ilf) = {ip,^ilf). (2.90) 

It can be proved that we can always find a unique self-adjoint extension. Moreover, 
we will assume, from now on, that the operators have a positive definite leading 
symbol. 

It is worth mentioning, here, that for a Laplace type operator the lead- 
ing symbol is scalar. However, in Matrix Gravity we consider more general partial 
differential operators of non-Laplace type with non-scalar leading symbol. In fact, 
the coefficient of the second derivative of the operator we consider in Matrix Grav- 
ity bears two spacetime indexes and two fiber indexes making it a matrix-valued 
symmetric, non-degenerate tensor of type (0, 2). A general second order partial dif- 
ferential operator acting on a vector bundle has the general form 

L = -a^\x)d^dy + lf{x)d^ + c{x) , (2.91) 

with coefficients (a^^ix))/^^, (b^(x))A^ and (c(x))^^. The operator L is called of non- 
Laplace type if it is self-adjoint and if the leading symbol is not scalar, which means 
that it cannot be written as product of the identity I on the bundle and a 2-times 
contravariant tensor. More explicitly, the leading symbol of a non-Laplace type 
operator is 

(TL{x,^) = a^\x)^,^,. (2.92) 
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We will study non-Laplace type operators and their heat kernel asymptotic expan- 
sion in Chapter 6. 

For an elliptic self-adjoint second order partial differential operator with 
positive definite leading symbol on a compact manifold, the following properties are 
well known ||53l : 

• The spectrum, {/inl^i is real discrete and bounded from below 

Aq < Ai < ■ ■ ■ < A„ < ■ • ■ 

with some real constant Aq. 

• The eigenvalues have the following asymptotic behavior At ~ C0 a.s k ^ oo, 
where n = dim(M). 

• The eigenspaces are finite-dimensional. 

• The eigenvectors, {^„}^j, are smooth sections of the vector bundle "V and 
form a complete orthonormal basis for the functional space ^^CV). 

2.4.2 Spectral Functions 

In this section we will present some basic material regarding spectral func- 
tions, in particular the spectral zeta function. This particular object is of primary 
interest in quantum field theory because it gives a way to define the regularized 
functional determinant of an operator, which appears in the one-loop eff'ective ac- 
tion. The spectrum of an operator contains important information both from the 
physical and mathematical points of view. That is why many efforts have been put 
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in order to find objects that would give knowledge about the spectrum. Of funda- 
mental importance to the study of the spectrum of an operator are particular spectral 
invariants called spectral functions. Here, we will be mainly interested in two par- 
ticular spectral functions, namely the heat trace and the spectral zeta function. The 
heat trace is the function defined as 

oo 

0(r) = e-'^" , (2.93) 

n=\ 

where An are the eigenvalues of the operator counted with their multiplicity. The heat 
trace is related, as we will show later in this Chapter, to the spectral zeta function and, 
therefore, to the one-loop eff'ective action. The heat trace is a well defined function 
for positive t, moreover it can be analytically continued to the plane Re ? > 0. 
We would like to mention that if the spectral functions are known exactly, then the 
spectrum is completely determined. Unfortunately, in general, the spectral functions 
are not known exactly. However, their asymptotic expansions are known, and they 
give important information about certain parts of the spectrum. 

The spectral zeta function f is a generalization of the Riemann zeta func- 
tion, defined as follows: 

oo 

where An are the non- vanishing eigenvalues of the operator counted with their mul- 
tiplicity. The spectral zeta function can be analytically continued on the whole com- 
plex 5-plane yielding a meromorphic function with only simple poles and regular at 

the origin. There is a nice representation of the spectral zeta function in terms of 
the heat trace. One can utilize the well known integral representation of the Gamma 
function 

Y{s) = ^ dtt'-^e-' . (2.95) 
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By performing the following change of variables t Aj, it is not difficult to show 
that 

1 r'" 

K' = Tr-^ dtf-'e-'-'. (2.96) 
i Jo 

By taking the sum of this last expression one obtains 

= Z -^"^ = f?;^ Z • (2.97) 

Alternatively, by recalling the expression for the heat trace, one can write 

1 r°° 

as) = — dtr'mt)-N] , (2.98) 

r(5) Jo 

where N = dimker ^ is the number of zero eigenvalues of =Sf . From this expression 
we clearly notice that the heat trace and the spectral zeta function are related to one 
another by a Mellin transformation. 

In particular the spectral zeta function is used in order to define complex 
powers of an elliptic non-degenerate self-adjoint operator [|53l . One can use this 
general result to evaluate the determinant of a suitable operator which appears in the 
semiclassical approximation of the path integral in quantum mechanics and quantum 
field theory. The relation between the spectral zeta function and the determinant of 
an operator can be formally shown as follows. Let ^ be a Laplace type operator. 
Because of its discrete spectrum one defines the logarithm of the determinant of ^ 
in complete analogy to the finite dimensional case, namely 

N N 

logDet;v(^) = log n Z log^-^")- (2.99) 

n=l,A„*0 n=l,A„i=0 

Now, by recalling the expression for the spectral zeta function, and taking the deriva- 
tive with respect to the parameter s, one gets 

N 

4(^) = - Z ^"i°g(^")- (2.100) 

n=\,A„i=0 
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By setting * = in the last expression, one obtains a formula for log DetA?(-Sf ), more 
explicitly 

logDet^(if) = -4(0). (2.101) 

In particular the determinant of the operator =Sf can be obtained by taking the limit 
as A/^ ^ oo and by exponentiating the last expression, more explicitly 

Det(^) = (2.102) 

In order to relate the spectral zeta function to the one-loop effective action in quan- 
tum field theory, we recall equation (12.651) . The operator of small disturbances on 
the right hand side of equation (12.651) is an elliptic, non-degenerate and self-adjoint 
second order partial differential operator. By using the relation obtained above, one 
can write an expression for the one-loop effective action in the zeta function regu- 
larization as follows 

r(i) = -^r(0). (2.103) 

Since the spectral zeta function and the heat trace are related by the Mellin 
transform, we can find an expression for the one-loop effective action and the heat 
trace. By taking the derivative with respect to the parameter s in (12.981) it is not 
difficult to show that 

r(i) = -^J^ dtr'eit). (2.104) 

The one-loop effective action will be of primary interest in Chapter 5 where we will 
evaluate its imaginary part. This integral needs to be regularized because it diverges 
at f = (ultraviolet divergences), moreover it could also diverge at ? = cx) (infrared 
divergence). The integral can be regularized by means, for example, of a cutoff 
regularization. It is clear, now, from the last expression, that the knowledge of the 
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heat trace is of fundamental importance in order to obtain information about the 
one-loop effective action. Unfortunately the heat trace cannot be computed exactly 
in many interesting cases. However, one can find suitable asymptotic expansions to 
get some information on r(i). In the next section we will analyze the heat kernel (and 
in particular the heat trace) and some methods for the computation of its asymptotic 
expansion. 

2.4.3 The Heat Kernel 

Let =Sf be the operator that we utilized so far. For ? > the one-parameter 
family of operators 

U(t) = exp(-r^) , (2.105) 

forms a semigroup of bounded operators on J^f^CV) which is called the heat semi- 
group. Associated with the heat semigroup one can define the heat kernel as follows 

m 

CO 

U(t\x, x') = e-''"<Pnix) ® iflix') , (2. 106) 

;i=l 

where A„ are the eigenvalues of the operator ^ counted with their multiplicity, and 
(p„ are the corresponding eigenfunctions. The heat kernel satisfies the following 
partial differential equation 

(dt + ^)U{t\x,x') = , (2.107) 



with the initial condition 

U(0\x, x') = 6(x, x') , 



(2.108) 
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where 6{x, x') represents the covariant Dirac delta function. It can be shown [|53l 
that the heat semigroup is a trace-class operator, namely its =Sf^ -trace is well defined 



Jm 

where tr^ represents the trace over the vector bundle indexes. By using the definition 
of the ^^-trace and the explicit expression (12.1061) for U{t\x, x'), it is easy to realize 
that the heat trace, in (12.931 ), is equal to the trace of the heat semigroup 



It is completely clear, now, that the knowledge of the trace of the heat kernel is 
equivalent to the knowledge of the one-loop effective action. 

2.4.4 Asymptotic Expansion of the Heat Kernel 

As we mentioned earlier, the heat kernel, and therefore its trace, cannot be 
evaluated explicitly in many cases of interest. For this reason some approximation 
schemes have been developed. It is important, at this point, to briefly introduce some 
two-point geometric quantities that will be used throughout the Dissertation. A more 
complete introduction to this subject can be found in 1143117411 . 

Let us fix a point, say x', on the manifold M and consider a sufficiently 
small neighborhood of x', say a geodesic ball with a radius smaller than the injectiv- 
ity radius of the manifold. Then, it can be proved that there exists a unique geodesic 
that connects every point x to the point x'. In what follows we will restrict ourselves 
to this neighborhood. In order to avoid a cumbersome notation, we will denote by 
Latin letters tensor indices associated to the point x and by Greek letters tensor in- 
dices associated to the point x' . Of course, the indices associated with the point x 




(2.109) 



0(0 = Tr exp {-t^) . 



(2.110) 
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(resp. x') are raised and lowered with the metric at x (resp. x'). Also, we will denote 
by (resp. Vp the covariant derivative with respect to x (resp. x'). We will use 
the standard notation of square brackets to denote the coincidence limit of two-point 
functions, more precisely, for any functions of x and x' we define 

[f] (x)^lim fix, x'). (2.111) 

The world function cr(jc, x') is defined as one half of the square of the 
length of the geodesic between the points x and x'. It satisfies the equation [|5l [T4l 

mm 

(T=]^u"Ua = ]^uX, (2.112) 

where 

Ua = Va(T, M^, = V^CT . (2.113) 

The variables are nothing but the normal coordinates with the origin at the point 
x' . Next, one defines the tensors which are the second derivative of the world func- 
tion [El [H 

7/', = V,W, r/, = V"V,(r, (2.114) 

and the tensor 

X^'' = rfarf'' . (2.115) 
In particular, one needs the tensor y"^ inverse to rfa defined by 

y%ift = 5l, 7/'/,r^ = 5^ (2.116) 

The two-point quantities defined above satisfy the following equations [|5l [T4ll43ll39l 

^V = M% yfau'^u^, rfaU^ = Ua, (2.117) 
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with the boundary conditions 

[(t] = [m"] = K] = , (2.118) 
[r/.]=n, [//^J = -5^„. (2.119) 

Another useful two-point quantity is the Van Vleck-Morette determinant 
which is defined as 

A(x, x') = g-'^\x) det[-V«VXx, x')]g-''\x') . (2.120) 

This quantity should not be confused with the Laplacian A = ^"''VaV/^. Usually, the 
meaning of A will be clear from the context. Following JSllMl, we find it convenient 
to parameterize it by 

A(x, x') = exp[2^(x, x')] . (2.121) 

Next, one defines new derivative operators by jH [HI 

V, = r%V„. (2.122) 

These operators commute when acting on objects that have been parallel transported 
to the point x' (in other words the objects that do not have Latin indices). In fact, 
when acting on such objects these operators are just partial derivatives with respect 
to normal coordinate u 




(2.123) 



Next, the parallel displacement operator fix, x') of sections of the vector 
bundle 'V along the geodesic from the point x' to the point x is defined as the solution 
of the equation HSl [H |43l [33 

u"VaP(x,x') = , (2.124) 
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with the initial condition 

['P]=l. (2.125) 
It is not difficult to show that the paraffef dispiacement operator satisfies the equation 

[^a,^t]r = Ktr, (2.126) 

where 'Rab represents the curvature of the connection on the vector bundle "V. Fi- 
nally, one defines the two-point quantity which is the derivative of the parallel trans- 
port operator [|5l [HI 

£/^=p-^V^P. (2.127) 

It is important, for future reference, to present here the coincidence limits 
of higher derivatives of the two-point functions introduced above. They are ex- 
pressed in terms of the curvature and, in particular, the ones that we will need are 
found to be [El m sal 121 

(2.128) 

he, (2.129) 

(2.130) 

{R\a/i+R''ay,i) , (2.131) 

(2.132) 

Kb, (2.133) 

z 

where R'^vpa- is the Riemann tensor and R^y = R^f^av is the Ricci tensor. 

We will briefly present, here, the role of the previous geometric quantities 
in the evaluation of the heat kernel and, therefore, of its trace. We consider a second 
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order partial differential operator of Laplace type, ^ = -A + Q. The heat kernel 
cannot be computed exactly in this case, however, one can find an asymptotic ex- 
pansion for small time following |l5l[T4l[39l. We know that the heat kernel U(t\x, x') 
satisfies the equation (12.1071 ) with the initial condition (12.1081 ). To start, we consider 
the following ansatz, 

U(t\x,x') = A(t-x,x')expl^-^-^^j^^ , (2.134) 

where S represents the action (|2.37|) . By substituting the ansatz in the heat equation 
it is not difficult to show that 

dA + ^[S- g"\VaS )iVtS )] A + i [2/^(V„5 ) V, - A5 ] A + (-A + 2) A = . 

(2.135) 

Since we are considering the asymptotic expansion for small t, we set the coefficient 
of in the previous equation to zero, by doing so we obtain 

g"\VaS)iVbS) = S . (2.136) 

These are nothing but the Hamilton- Jacobi equations for the action S . By using 
(12.1121) . it can be proved that the solution of this equation is 

S{x,x') = ^^^. (2.137) 



By substituting the explicit solution for S in (12.1351 ). we obtain 

A = -(-A + 0A. (2.138) 



dtA + - 
t 



At this point we introduce an ansatz for the function A{t\ x, x'). By careful 
inspection of the previous equation it is useful to write 

A{t\ X, x') = i4ntr"'^Akx, x')r{x, x')nit; x, x') , (2.139) 
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where V is the parallel transport operator defined in (12.1241) and the choice of the 
factor (4;r0~"''^ will assure that the solution satisfies the initial condition (12.1081) . By 
utilizing this last ansatz we obtain 

<,,n . i [A-„"(V„A) + - „] a + i„"v„o = -A-«?>-.(-A . 0PA.--n . 

(2.140) 

At this point, it can be proved BH [H [391 that the Van Vleck-Morette determinant 
(12.1201 ) satisfies the equation 

A-^m'^V^A + - n = , (2.141) 
By using this remark the equation for Q becomes 

r^ = 0. (2.142) 
Since we want an asymptotic expansion as ? ^ we write Q. as asymptotic 



+ yM^'V^ + A-i/2!p-i(-A + QfP^^'^ 



series 



a{t\ X, x') ~ ^kix, x')t^ . (2.143) 



k=0 



By substituting this expression in the equation above we finally obtain an expression 
for the asymptotic expansion of the heat kernel 

U(t\x, x) ~ (4nty"'^AHx, x')'P(x, x') exp V ^^ix, x')t^ , (2.144) 

where the heat kernel coefficients aj, satisfy the DeWitt recurrence relation 

[(k + 1) + u^^Vala^ix, x') = A-''^'p-\-A + Q)'PA"^ak(x, x') , (2.145) 

with the initial condition 

ao{x,x') = l. (2.146) 



58 



This expansion will be generalized in Chapter 3 in order to include, in a non- 
perturbative way, the electromagnetic field. 

The lower order diagonal heat kernel coefficients are well known and have 
theform[|53l|5l[Il 

aj''^ = 1, (2.147) 
af^ = ^R, (2.148) 



+^91,^91^^ (2.149) 



where af'^^ = ak(x, x). To avoid confusion we should stress that the normalization of 
the coefficients ak differs from the papers [f5l [T3l[T4l . 

It can be easily proven, by taking the trace of both sides of (12.1441) . that the 
heat trace, which is of primary interest here, has the following asymptotic expansion 

oo 

Tr exp{-?^} ~ {Am)-"'^ t'^At , (2.150) 

k=0 

where Aj, are global heat kernel coefficients 

Ak= f Jvoltr^af'^ . (2.151) 
Jm 

One should point out, here, that the heat trace for a non-Laplace type operator has 
the same asymptotic expansion as ? ^ [531 . 

In the next section we will describe two methods for the evaluation of the 
heat kernel asymptotic expansion: the covariant Taylor expansion method which we 
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use in the computation of the non-perturbative heat kernel asymptotics on homo- 
geneous Abelian bundles in Chapters 3 and 4, and the covariant Fourier transform 
method that we use for the evaluation of the action in Spectral Matrix Gravity in 
Chapter 6. 

2.4.5 Covariant Taylor Expansion and Covariant Fourier Transform 

In this section we will briefly discuss two methods for evaluating the coef- 
ficients of the heat kernel asymptotic expansion which are diff"erent from the DeWitt 
method presented in the previous section. In the previous section we described some 
two-point geometric functions that are widely used for heat kernel calculations on 
Riemannian manifolds. Since we ultimately want to find an expansion for the heat 
kernel and its trace, we need to develop an expansion for the two-point quantities. 
In the first part of this section we will briefly describe the Taylor expansion of the 
two-point quantities following |l5l[T4l|.. A more detailed discussion on this subject 
can be found in [[SlfPll. 

Let us consider, as before, two neighboring points x and x' connected by 
a unique geodesic. The derivatives, u'', of the world function (t{x, x') form a set of 
normal coordinates for the neighborhood, lA, under consideration. Our aim is to find 
an expansion in terms of the normal coordinates for functions defined on H. Since 
the language that we use is covariant, we need an expansion which is independent on 
the system of coordinates that we choose. It is evident, from the discussion above, 
that the quantity w'^ is a vector at the point x' and a scalar at the point x. Since 
scalars are the simplest invariant quantities, one can develop the Taylor expansion 
for a scalar function / at the point x by using the coordinate u^'. By parameterizing 
the geodesic between x and x' with an affine parameter one can show that for a scalar 



60 



function we obtain the expansion lfT4l |5]1 

fix) = • • • [s,"' ■ ■ ■ • • • ^-«/] ' (2-152) 

where gf^" is the parallel transport of covectors from the point x to the point x'. By 
multiplying this expression by the parallel transport operators (12.1241) . as many as 
needed, we can find an expression for the covariant Taylor expansion of arbitrary 
tensors. In particular, we can find the covariant Taylor expansion for the two-point 
quantities that we need. It can be shown that lfT4ll5ll 



rft 



(2.153) 



+ ^R^avpR^ySU'^l/u-'u' + 0{u') , 



(2.154) 



= 1 + —R„ou"ul^ - —V^RsyU^uf^u^ + —V,,VsRysu''u'^u^u^ 
12 24 '^^ 80 

+ :^Ra/iRysu"u''u^u' + -^R,„y/,R^'/su"u''u^u' + 0(u') , (2.155) 



+ ^R''aApR\''6U"ul^U>'u^ + 0{U^) , 



(2.156) 



8 



(2.157) 
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where the above quantities have been defined, respectively, in (12.1 141 ). (12.1211 ). 
(12.1201) . (12.1151) and (12.1271) . We would like to stress that all coefficients of such 
expansions are evaluated at the point x' . 

Here, we will briefly describe the covariant Fourier transform which we 
will use in Chapter 6 to evaluate the heat kernel asymptotic coefficients for a non- 
Laplace type operator. The Fourier integral can be defined by using the two-point 
functions that we introduced earlier. Let / be a function defined on li. Its covariant 
Fourier transform is defined as follows [[5] [TH 

r -^^''^xy-^'^-'mx'), (2.158) 

where represents the coordinate in the momentum space. The inverse Fourier 
transform is written as 

f{k;x)= r dug^'\x')e"'^''''f(x) . (2.159) 
Jm 

We can transform the last integral from normal coordinates to local coordinates. It 
is not difficult to show, by making a change of variables, that 

du = g^'^(x)g-'^'H.x')Mx, x')dx . (2. 160) 

By using this formula one gets [l5l[T4l 

f(k;x')= f dxA(x,x)g^'\x)e"'^"'fix). (2.161) 
Jm 

We would like to mention, here, that by multiplying this expression by the parallel 
transport operators, as many as needed, we can find an expression for the covariant 
Fourier transform of arbitrary tensors. At this point it is convenient to derive a 
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representation of the covariant Dirac delta function in terms of the Fourier integral. 
It is not difficult to show, by substituting (12.1611) into (12.1581) . that one obtains 



The covariant Fourier transform represents another important tool for the evaluation 
of the heat kernel asymptotic expansion which we will mainly use in Chapter 6. 

2.4.6 Perturbation Theory for the Heat Semigroup 

The operators for which we want to evaluate the heat kernel asymptotic 
expansion are known in terms of power series in a small formal parameter e, namely 



k=\ 

where =Sfo represents the unperturbed part and is of order e^. 

In order to evaluate the heat kernel for the operator ^ we need to compute, 
first, the heat semigroup for ^ . Since ^ is given in terms of a perturbative series, 
we are faced with the problem of finding an expansion for the exponent of two 
non-commuting operators. The expansion for the exponent of two non-commuting 
operators, known in the literature, is called Volterra series. 

Let A and B be arbitrary, non-commuting operators, then the following 
can be proved f[22l |76l 




(2.162) 



CO 




(2.163) 



e' 




(2.164) 
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By considering only few of the low order terms (the ones we will use in this work) 
we write 



Jo 

+ r dT2 dTie^'-''^^Be'-''-''^^Be''^ + ■■■ . (2.165) 
Jo Jo 



This series can be also written in another way. Let us suppose that the 
operator A is of zeroth order (unperturbed) and the operator B represents higher 
orders in the perturbation theory. The Volterra series can be written in terms of a 
specific operator T acting on the unperturbed semigroup as follows |[22l 1761 



exp(A + 5) = r exp A , (2.1 66) 

where 



^ 1 TJ, T2 

T = 1+^ 

k=\ 



J] J J dTk-x--- J dr, B(Ti)Bir2) ■ ■ ■ Bin) (2.167) 

''^^ 

and 

BiT) = e'^Be-'^ . (2.168) 
This particular form of the Volterra series will be utilized in Chapter 3. 

2.5 Mathematical Framework in Matrix Gravity 
2.5.1 Motivation and Discussion 

In the rest of the present Chapter, we will describe the motivations and 
the mathematical framework of the second major topic in this Dissertation, namely 
Matrix Gravity. The main idea in Matrix Gravity is to describe the gravitational 
field as a matrix-valued symmetric two-tensor field. It is well known that General 
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Relativity is nothing but the dynamical theory of the metric 2-tensor field which is, 
basically, an isomorphism between tangent and cotangent bundles. The dynamics of 
the metric is described by the Hilbert-Einstein action, 

'^HE = -r7^; r dxg'l\R-2K), (2.169) 

where G is the Newtonian gravitational constant, A is the cosmological constant and 
R is the scalar curvature. 

In Matrix Gravity, the metric 2-tensor field g^'^, is replaced by a endomo- 
rphism-valued 2-tensor field a^^ which represents an isomorphism of more general 
bundles over the manifold M. The main idea here, similar to General Relativity, is 
to develop a dynamical theory of this endomorphism- valued 2-tensor field d^" . This 
generality brings a much richer structure and content to the model. 

We would like to stress, at this point, that the dynamical equations that we 
will derive in this Dissertation for Matrix Gravity, are classical and therefore they 
should be studied from the classical point of view. 

The motivation for such a deformation of General Relativity is explained 
in detail in [|20l . The very basic physical concepts are the notions of event and the 
spacetime. An event is a collection of variables that specifies the location of a point 
in space at a certain time. To assign a time to each point in space one needs to place 
clocks at every point (say on a lattice in space) and to synchronize these clocks. 
Once the position of the clocks is fixed the only way to synchronize the clocks is 
by transmitting the information from a fixed point (say, the origin of the coordinate 
system in space) to all other points. This can be done by sending a signal through 
space from one point to another. Therefore, the synchronization procedure depends 
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on the propagation of the signal through space, and, as a result, on the properties of 
the space it propagates through, in particular, on the presence of any physical back- 
ground fields in space. The propagation of signals is described by a wave equation (a 
hyperbolic partial differential equation of second order). Therefore, the propagation 
of a signal depends on the matrix of the coefficients (a symmetric 2-tensor) g'^'^(x) of 
the second derivatives in the wave equation which must be non-degenerate and have 

the signature ( — h h). This matrix can be interpreted as a pseudo-Riemannian 

metric, which defines the geodesic flow, the curvature and the Einstein equations of 
General Relativity (for more details, see [|20ll ). 

The picture described above applies to the propagation of light, which is 
described by a single wave equation. However, now we know that at microscopic 
scales there are other fields that could be used to transmit a signal. In particular, 
the propagation of a multiplet of gauge fields is described not by a single wave 
equation but by a hyperbolic system of second order partial differential equations. 
We would like to stress, here, that the number of gauge fields that one should use 
in order to describe the gravitational field is not known at this time. It is possible 
that a quantized version of this theory could shed light on the precise number of 
gauge fields to use, however this problem needs further research. For simplicity of 
calculations, in Chapter 7 we analyze a model of Matrix Gravity where two gauge 
fields are taken into account. For now, we will leave A'^ arbitrary. 

The coefficients at the second derivatives of such a system are not given 
by just a 2-tensor like g^^{x) but hy a NxN matrix-valued symmetric 2-tensor a^^ix) 
as in (12.911) . If a^'^ does not factorize as a^^ 4^ '^g'^", where S is some non-degenerate 
matrix, then there is no geometric interpretation of this hyperbolic system in terms 
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of a single Riemannian metric. Instead, one obtains a new kind of geometry that is 
called Matrix Geometry, which is equivalent to a collection of Finsler geometries. 
In this theory, instead of a single Riemannian geodesic flow, there is a system of A^^ 
Finsler geodesic flows. Moreover, a gravitating particle is described not by one mass 
parameter but by A'^ mass parameters (which could be diff'erent). The general idea is 
similar to the concept of colors in quantum chromodynamics. In Matrix Gravity each 
particle is considered to be composed of difl^erent "colors" each of them described 
by a difl^erent mass parameter. Each of these colors follows its own Finsler geodesic. 
In this sense, the introduction of a matrix- valued metric leads to the splitting of 
a single Riemannian geodesic to a system of A^^ close Finsler geodesies. We argue 
that at microscopic distances, and high energies, a single Riemannian geodesic is 
described by a system of A'^ Finsler geodesies. As we will see in Chapter 7 the 
equations of the geodesies in Matrix Gravity are non-linear with respect to the mass 
parameters This makes it not possible to write the geodesies in Matrix Gravity as 
a weighted sum (with weight yu,) of all the Finsler geodesies for each mass parameter. 
However, if one consider the following splitting /i, = l/N + a, where a, are assumed 
to be small, one could linearize the equations for the geodesies and obtain, in the 
first order, a description of the geodesies in Matrix Gravity as weighted sum (with 
weights a,) of the single Finsler geodesies. 

Notice that because the tensor a^^ is matrix-valued, various components 
of this tensor do not commute, that is, [a^", a"^] 4^ 0. In this sense, such geometry 
may be also called non-commutative Riemannian geometry. In the commutative 
limit, a^^ g^"^, and the standard Riemannian geometry with all its ingredients is 
recovered. Only the total mass of a gravitating particle is observed. For more details 
and discussions see [|20ll2T1l . 
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We would like to mention, at this point, that Matrix Gravity contains two 
important physical consequences. The first is the presence, in the theory, of a new 
non-geodesic acceleration. In General Relativity, the motion of a test particle in the 
gravitational field is described by the equation 

^+r%i'^/ = 0, (2.170) 

where x represents the tangent vector to the geodesic and T^a^ are the Christoffel 

symbols. This equation describes the motion of a test particle free from external 
forces. As we will see in Chapter 7, in Matrix Gravity the equation for the geodesies 
becomes the following 

^ + T^afiX'^x^ = A^„^(^, X). (2. 17 1) 

In this equation a non-geodesic acceleration is present which is written only in terms 
of the non-commutative part of the metric. In other words, the test particles in Ma- 
trix Gravity, do not follow any Riemannian geodesic. The second important physical 
consequence of this model is the violation of the equivalence principle. In General 
Relativity, test particles move along specific geodesies of a Riemannian metric in- 
dependently of their masses. In Matrix Gravity, instead, test particles exhibit a non- 
geodesic motion A'^y^om which depends on the different mass parameters. Therefore, 
test particles that are described by different mass parameters will follow different 
trajectories in the spacetime. This is the origin of the violation of the equivalence 
principle. 



Main Differences Between Matrix Gravity and Non-commutative Gravity 

It is important to stress that this approach for deforming General Relativity 
is different from the ones proposed in the framework of non-commutative geometry 
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[|5T1 |59l [6T1 1551 . where the coordinates do not commute and the standard product 
between functions is replaced by the Moyal product [62J. In flat space one usually 
introduces non-commutative coordinates satisfying the commutation relations 



Here, ff^'' is a real constant anti-symmetric matrix, and one replaces the standard 
algebra of functions with the non-commutative algebra with the Moyal star product 



An extensive review of different realizations of gravity in the framework of non- 
commutative geometry, especially in connection with string theory, can be found in 
[|75l . An extension of the star product and noncommutativity from flat to curved 
spacetime can be found in [|3Tll551 . 

We list below the most relevant differences between the two approaches; a 
more detailed and extensive discussion can be found in [|20ll2Tll26ll49l . The biggest 
problem with the curved manifolds is the nature of the object ff'^. All these models 
are defined, strictly speaking, only in perturbation theory in the deformation parame- 
ter. That is, one takes ff'^ as a formal parameter and considers /orma/ power series in 
ff^^ . In the approach of [|20ll2T| to Matrix Gravity the deformation parameters are not 
formal and the theory is defined for all finite values of the deformation parameter. 

In the standard non-commutative approach the coordinates themselves are 
non-commutative. This condition raises the questions of whether the spacetime has 
the structure of a manifold, and how one can define analysis on such spaces. More- 
over, one needs a way to relate the non-commutative coordinates with the usual 
(commutative) coordinates. In Matrix Gravity one does not have non-commutative 



(2.172) 



fix) ★ ^(x) = expU^''^|^j/(x + 3;)g(.^ + z) 



y=z=0 



(2.173) 
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coordinates. The spacetime, here, is a proper smooth manifold with the standard 
analysis defined on it. 

In non-commutative geometry approach the deformation parameter ff'^ is 
non-dynamical, therefore there are no dynamical equations for it. This poses the 
question of what kind of physical, or mathematical, conditions can be used in order 
to determine it. In addition, in many models of non-commutative gravity (as in ffBTI ). 
ff^'^ is a non-tensorial object which makes it dependent on the choice of the system of 
coordinates. This feature leads the theory to be not invariant under the usual group of 
diffeomorphisms. In [31] the authors construct all the relevant geometric quantities 
(such as connection, curvature, etc.) in terms of the non-commutative deformation 
parameter. In this framework, they obtain an expansion of these quantities and of 
the action up to second order. In their approach the object (^^ is a constant anti- 
symmetric matrix {not a tensor). This violates the usual difFeomorphism invariance, 
Lorentz invariance, etc. for which there exist very strict experimental bounds. The 
main result in [[3T| is the derivation of the deformed Einstein equations. The zero- 
order part (Einstein) is diffeomorphism-invariant, and the corrections (quadratic in 
theta) are not. Therefore the theory contains some preferred system of coordinates 
and its whole content depends on it. Of course, the theory needs to justify the choice 
of such system of coordinates. 

In the approach of [|20l 1211 there is no need to introduce any non-tensorial 
objects. As a result the theory is diffeomorphism-invariant. So, there are no prob- 
lems related to the violation of Lorenz invariance, etc. and there are no preferred 
systems of coordinates. Moreover, the non-commutative part of the metric in this 
approach is dynamical. There are non-commutative Einstein equations for it. The 
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goal of this chapter is, in particular, to derive these dynamical equations in the per- 
turbation theory. 

In ll55l the authors assume that is a covariantly constant tensor. But 
then, there are strict algebraic constraints on the Riemann curvature tensor of the 
commutative metric (obtained by a commutator of second covariant derivatives). In 
Matrix Gravity such algebraic constraints are absent — the commutative metric is 
arbitrary. 

In the usual approach of non-commutative geometry (as in, for example, 
[|3TI ). when one defines the affine connection, the covariant derivative, the curvature 
and the torsion the ordering of factors is not unique. There is no natural reason why 
one should prefer one ordering over the other. That is, the connection coefficients 
can be placed on the left, or on the right, (or one could symmetrize over these two 
possibilities) from the object of differentiation. Another aspect of the ordering prob- 
lem is the fact that there is no unique way to raise and lower indices. One can act 
with the metric from the left or from the right. The approach in [|2T]| . instead, is 
pretty much unique. There is no need to define the affine connection, the covariant 
derivative, the curvature and the torsion. There is no ordering problem. 

The definition of a "measure", in standard non-commutative geometry, as 
a star determinant (as in OTI ) does not guarantee its positivity. It only guarantees the 
positivity in the zero order of the perturbation theory. In the definition of [12011211 . 
the measure is positive even in strongly non-commutative regime. 

Moreover, the Moyal star product is non-local which makes the whole 
theory non-local with possible unitarity problems. In the approach [1211 the action 
functional is a usual local functional of sigma-model type (like General Relativity, 
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but with additional non-commutative degrees of freedom). There may be problems 
with the renormalizability (which requires further study) but not with unitarity. 

One should also mention the relation of Matrix Gravity to so called "ana- 
log models of gravity". In particular, the analysis in Ii32l is surprisingly similar to 
the analysis of the papers |fT91 12011 . The authors of consider a hyperbolic system 
of second order partial differential equations, the corresponding Hamilton- Jacobi 
equations and the Hamiltonian system as in [fT9ll20ll . In fact, their is equivalent 
to the matrix- valued tensor a'^^. However, their goal was very different — they impose 
the commutativity conditions on f^^ (eq. (44) in [32|) to enforce a unique effective 
metric for the compatibility with the Equivalence Principle. They barely mention the 
general geometric interpretation in terms of Finsler geometries as it "does not seem 
to be immediately relevant for either particle physics or gravitation". The motiva- 
tion of the authors of [32] is also very different from the approach of [12011211 . Their 
idea is that gravity is not fundamental so that the effective metric simply reflects the 
properties of an underlying physics (such as fluid mechanics and condensed matter 
theory). They just need to have enough fields to be able to parameterize an arbitrary 
effective metric. In the approach of Matrix Gravity, the matrix-valued field a^'" is 
fundamental; it is: i) non-commutative and ii) dynamical. 

The action of Matrix Gravity can be constructed in two different ways. 
One approach, developed in |[T9l l201l . called Matrix General Relativity, is to try to 
extend all standard concepts of differential geometry to the non-commutative setting 
and to construct a matrix-valued connection and a matrix- valued curvature. We will 
be mainly interested in this approach in Chapter 5. 

The second approach, developed in [21 J, called Spectral Matrix Gravity, is 
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based on constructing the action form the coefficients of the spectral asymptotics of 
a non-Laplace type self-adjoint elliptic partial differential operator L of second order 
with a positive definite leading symbol. We will analyze this particular approach in 
Chapter 6. 

2.5.2 Matrix General Relativity 

We will describe, in this section, the construction of the action for Matrix 
General Relativity following [fT9ll20l . The formalism that we are going to describe 
is related to the algebra- valued formulation of Mann [|64| and Wald [81 1. In these 
papers the authors introduce algebra- valued tensor fields and generalize the formal- 
ism of diff"erential geometry to the algebra-valued case. More precisely they were 
studying a consistent theory to describe the interaction of a collection of massless 
spin-2 fields. The authors found that in order to have a consistent theory, the algebra 
to consider must be associative and commutative. In this case the theory simply be- 
comes a sum of usual Hilbert-Einstein actions for the fields without cross -interaction 
terms. In the approach of ||20i |2T]| . the algebra is associative but non-commutative 
where the gauge group is simply the product of the group of diffeomorphism of a 
real manifold with the internal group. Because of this form of the gauge transfor- 
mations one can allow the algebra to be non-commutative which leads to a different 
dynamics from the one described in [[64ll and ffSTll . 

Let "V be an A^-dimensional Hermitian vector bundle over M, let 3/^ = 
TM®'V be the bundle constructed by taking the tensor product of the tangent bundle 
to the manifold M with the vector bundle "V, and let ^* = T*M ® "V, where T*M 
is the cotangent bundle to M. Let a be a symmetric self-adjoint element of TM iS) 
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rM®End(^), thatis, 

a^^ = a•'^ {a^y=a''\ (2.174) 

Suppose that a^^ is an isomorphism between ^ and ^* , then the inverse isomor- 
phism b^y satisfies the equation 

aP'K^ = b^,a'P = 6P^-l. (2.175) 

There are some properties of the matrix b^y that need attention. The first property is 
the following: the matrix b^y satisfies the equation 

bly = by,, (2.176) 

but it is not necessarily a self-adjoint matrix symmetric in its tensor indices. More- 
over, one can use a^'^ and b^y to lower and raise indices, although particular care is 
required in these operations because, in general, a^'^ and b^y do not commute and b^^y 
is not symmetric in its tensorial indices [|20l . 

Let £^"aii be the matrix- valued Christoff"el symbol defined as [|20l 

^"ai. = ^bAAa"^d^aP'^ - a'^dyO.''" - a^^^X'')^ ' (2.177) 

it is not difficult to prove that this quantity transforms as a connection coefficient. It 
is important to notice, at this point, that in matrix geometry the connection (12.1771) 
is not symmetric in the two lower indices. 

In complete analogy with the ordinary Riemannian geometry, by using the 
matrix- valued Christoffel symbol, one can define the matrix- valued Riemann tensor 
as follows 

n\^y = d^S^\y - dy£/\^ + S^^^S^^aV ' V^^^^A^ " ' 1^8) 



74 



Once the matrix curvature (Riemann) tensor is defined one can construct 
the matrix Ricci tensor, namely 

'R>.y = 'R\a.. (2.179) 

In order to write the action for Matrix Gravity, one needs to introduce the matrix 
scalar curvature "R. Since the metric a^"^ and the Ricci tensor are matrices, they 
do not commute in general and the definition of the scalar curvature, obtained by 
contracting the metric tensor with the Ricci tensor from the left, would be different 
if the contraction would be performed with the metric tensor on the right. In order 
to avoid this choice, we use a symmetrized definition of the matrix-valued scalar 
curvature as follows 

n = \(a^''n,. + n,,a^'') . (2.18O) 

In order to write an action for the model under consideration a generaliza- 
tion of the concept of measure is needed. As a guiding principle, any generalization 
of the measure jj. has to lead, in the commutative limit, to the ordinary Riemannian 
measure det^^y]. Let p be a matrix-valued scalar density, which can be defined, 
for example, as follows 

p= r ^exp(-a'^''f,f,). (2.181) 

Then p only depends on the metric a and transforms in the correct way under diffeo- 
morphisms of M. We would like to stress, here, that the choice of the measure is not 
unique. However, the definition (12.1811) seems to be the most natural because it rep- 
resents the quantity that appears as the Aq coefficient in the heat kernel asymptotic 
of a generalized Laplace operator with matrix- valued symbol defined on the mani- 
fold M under consideration. Of course different choices of the measure would lead 
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to different non-commutative limits of the theory. More precisely, the zeroth order 
of the expansion in the deformation parameter of the action always gives the usual 
General Relativity. The second order term, which gives the dynamical equations for 
the non-commutative part of the metric, instead, changes if the definition of measure 
is different. Further studies are required in order to fully understand how the choice 
of the measure affects the dynamics of the non-commutative part of the metric. 

Now that all the relevant geometric quantities have been described, one 
can construct the action functional for the field d^'^ following [|20|. This functional 
has to be invariant under both diffeomorphisms of M and gauge transformations. By 
using the matrix-valued scalar curvature, defined in (12.1801 ), and the matrix-valued 
scalar density (|2.181l) . one obtains, by analogy to (12.1691 ), Il20l 

SMGK{a) = -^ r dx^Trvipili-lK)]. (2.182) 
IbnG Jm N 

It is worth noticing that because of the cyclic property of the trace, the relative po- 
sition of p and the scalar curvature is irrelevant, moreover it is easily shown that 
the action functional (12.1821) is invariant under the diffeomorphisms of M and un- 
der the gauge transformations. Of course, as d'^ g^^ this action reproduces the 
Hilbert-Einstein action (12.1691) of General Relativity. 

The field equations for the tensor d^^, that we call non-commutative Ein- 
stein equations are obtained by varying the action with respect to . In the vacuum 
we have, 

d,^=0, (2.183) 



where a"^_^ = c^^a'*^ and X is the Lagrangian density. 
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The action has an additional new global gauge symmetry 



r{x) ^ Ua^\x)U 



-1 



(2.184) 



where [/ is a constant unitary matrix (for more details, see the papers cited above). 
By the Noether theorem this symmetry leads to the conserved currents (vector den- 
sities) 



where dx denotes the integration over the space coordinates only. These charges 
have purely non-commutative origin and vanish in the commutative limit. 

This model may be viewed as a "non-commutative deformation" of Ein- 
stein gravity, which describes, in the weak deformation limit. General Relativity, 
and a multiplet of self-interacting massive two-tensor fields of spin 2 that interact 
also with gravity. 

2.5.3 Spectral Matrix Gravity 

By using the equations (12.1471 ). (12.1481 ) and (12.1511 ), it is easy to see that 
the Hilbert-Einstein action (12.1691) is nothing but a linear combination of Aq and Ai 
for a Laplace type operator. In full analogy, the action of Spectral Matrix Gravity 
proposed in [|2TI is a linear combination of the global heat kernel coefficients Aq and 
Ai for a general second order non-Laplace type operator, more precisely 



Li other words, this suggests the existence of new physical charges 





1 



S = 



16;rGA^ 



[6Ai - 2AAo] . 



(2.185) 
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We would like to point out here that the above action can be also thought of as a 
particular case of the Spectral Action Principle introduced in the framework of non- 
commutative geometry in [l38ll and ||37]| . For the Laplace operator, L = -A, the 
heat kernel coefficients are (12.1471 ) and (12.1481 ) and, therefore, the action of Spectral 
Matrix Gravity reduces to the standard Hilbert-Einstein action (12.1691 ). 

We would like to stress, here, that we are interested in a much more com- 
plicated general case of an arbitrary non-Laplace type operator (with a non-scalar 
leading symbol). In this case there is no preferred Riemannian metric and the whole 
language of Riemannian geometry is not very helpful in computing the heat kernel 
asymptotics. That is why, until now, there are no explicit general formulas for the 
coefficient Ai. A class of so-called natural non-Laplace type operators was studied 
in |[T51 [m where this coefficient was computed explicitly. 

We would like to mention, here, that similar calculations have been per- 
formed in non-commutative geometry regarding heat kernel asymptotics expansion. 
In [iTOirTTII , the author evaluates the relevant geometric quantities from an approxi- 
mate power expansion of the trace of the heat kernel for a Laplace operator on a com- 
pact fuzzy space. In [[80ll , the author studies the quantization of non-commutative 
gravity in two dimensions by considering a non-commutative deformation (using the 
Moyal product) of the Jackiw-Teitelboim model for gravity. In this case the path in- 
tegral can be evaluated exactly and the operator for the quantum fluctuations can be 
found. Once the operator is known one can study the first two heat kernel asymptotic 
coefficients and obtain information about the conformal anomaly and the Polyakov 
action. 



CHAPTER 3 



NON-PERTURBATIVE HEAT KERNEL ASYMPTOTICS 
ON HOMOGENEOUS ABELIAN BUNDLES^ 



Abstract 

We study the heat kernel for a Laplace type partial differential operator act- 
ing on smooth sections of a complex vector bundle with the structure group GxU(l) 
over a Riemannian manifold M without boundary. The total connection on the vector 
bundle naturally splits into a G-connection and a ?7(l)-connection, which is assumed 
to have a parallel curvature F. We find a new local short time asymptotic expansion 
of the off-diagonal heat kernel U(t\x,^f) close to the diagonal of M x M assuming 
the curvature F to be of order The coefficients of this expansion are polynomial 
functions in the Riemann curvature tensor (and the curvature of the G-connection) 
and its derivatives with universal coefficients depending in a non-polynomial but an- 
alytic way on the curvature F, more precisely, on tF. These functions generate all 
terms quadratic and linear in the Riemann curvature and of arbitrary order in F in 
the usual heat kernel coefficients. In that sense, we effectively sum up the usual short 
time heat kernel asymptotic expansion to all orders of the curvature F. We compute 
the first three coefficients (both diagonal and off-diagonal) of this new asymptotic 



'The material in this chapter has been published in Communications in Mathematical Physics: 
I. G. Avramidi and G. Fucci, Non-Perturbative Heat Kernel Asymptotics on Homogeneous Abelian 
Bundles, Comm. Math. Phys. (2009) doi: 10.1007/s00220-009-0804-6 
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expansion. 

3.1 Introduction 

The heat kernel is one of the most powerful tools in quantum field theory 
and quantum gravity as well as mathematical physics and differential geometry (see 
for example [|53l|79l[Il[l7l[Il|58llV8l[56land further references therein). It is of 
particular importance because the heat kernel methods give a framework for mani- 
festly covariant calculation of a wide range of relevant quantities in quantum field 
theory like one-loop effective action, Green's functions, effective potential etc. 

Unfortunately the exact computation of the heat kernel can be carried out 
only for exceptional highly symmetric cases when the spectrum of the operator is 
known exactly, (see (351 [56l [H and the references in HH IM IH IH). Although 
these special cases are very important, in quantum field theory we need the effective 
action, and, therefore, the heat kernel for general background fields. For this reason 
various approximation schemes have been developed. One of the oldest methods is 
the Minackshisundaram-Pleijel short-time asymptotic expansion (12.1441) . (12.1501) of 
the heat kernel as t ^ (see the references in ||53l [5117911). 

Despite its enormous importance, this method is essentially perturbative. 
It is an expansion in powers of the curvatures R and their derivatives and, hence, is in- 
adequate for large curvatures when tR ^ 1 . To be able to describe the situation when 
at least some of the curvatures are large one needs an essentially non-perturbative 
approach, which effectively sums up in the short time asymptotic expansion of the 
heat kernel an infinite series of terms of certain structure that contain large curva- 
tures (for a detailed analysis see [|7l [I2l and reviews [lT3l ITTll ). For example, the 
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partial summation of higher derivatives enables one to obtain a non-local expansion 
of the heat kernel in powers of curvatures (high-energy approximation in physical 
terminology). This is still an essentially perturbative approach since the curvatures 
(but not their derivatives) are assumed to be small and one expands in powers of 
curvatures. 

On another hand to study the situation when curvatures (but not their 
derivatives) are large (low energy approximation) one needs an essentially non-per- 
turbative approach. A promising approach to the calculation of the low-energy heat 
kernel expansion was developed in non-Abelian gauge theories and quantum gravity 
in[l6l|71[Sll3[I3[IIll25llIll|2a. While the papers [l6l El S [ISl dealt with the par- 
allel f/(l)-curvature (that is, constant electromagnetic field) in flat space, the papers 
(81 dH |25l dealt with symmetric spaces (pure gravitational field in absence of an 
electromagnetic field). The difficulty of combining the gauge fields and gravity was 
finally overcome in the papers [|23ll24l . where homogeneous bundles with parallel 
curvature on symmetric spaces were studied. 

In this chapter we compute the heat kernel for the covariant Laplacian 
with a large parallel U{\) curvature F in a Riemannian manifold (that is, strong 
covariantly constant electromagnetic field in an arbitrary gravitational field). Our 
aim is to evaluate the first three coeflicients of the heat kernel asymptotic expansion 
in powers of Riemann curvature R but in all orders of the U{1) curvature F . This is 
equivalent to a partial summation in the heat kernel asymptotic expansion as ? ^ 
of all powers of F in terms which are linear and quadratic in Riemann curvature R. 
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3.2 Setup of the Problem 

Let M be a n-dimensional compact Riemannian manifold without bound- 
ary and be a complex vector bundle over M realizing a representation of the group 
G (gi ^7(1). Let (fhe a section of the bundle S and V be the total connection on the 
bundle S (including the G-connection as well as the U(l)-connection). Then the 
commutator of covariant derivatives defines the curvatures 

[V^,V,]<p = i'R^, + iF^,)^, (3.1) 

where 'R^y is the curvature of the G-connection and F^y is the curvature of the U{\)- 
connection (which will be also called the electromagnetic field). 

In the present chapter we consider the Laplacian 

^ = -A . (3.2) 

The asymptotic expansion of the heat kernel U(t\x, x') for the Laplacian has the form 
(12.1501 ) and its coefficients are (12.1511) . The diagonal heat kernel coefficients af'^^ 
are polynomials in the jets of the metric, the G- connection and the t/(l) -connection; 
in other words, in the curvature tensors and their derivatives. Let us symbolically 
denote the jets of the metric and the G-connection by 

R(n) = {V(p, ■ • ■ ^ tiR" , V(p, • • ■ yf^„'R"ti„^,)] , (3.3) 
and the jets of the U(l) connection by 

= V(^, ■ • ■ V, FV.) • (3.4) 

Here and everywhere below the parenthesis indicate complete symmetrization over 
all indices included. 
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By counting the dimensions it is easy to describe the general structure of 
the coefficients af'^^. Let us introduce the multi-indices of nonnegative integers 

i = j = 0'i,...,7;)- (3.5) 

Let us also denote 

\i\ = i^ + ... + i^^^ \j\ = + + jj . (3.6) 

Then symbolically 

k N N-l 



a, 



^=1 /=0 m=0 ij>0 

|i|+UI+2A'=2<: 



where C(k,i,m)xi some universal constants. The lower order diagonal heat kernel 
asymptotic coefficients are (|2.147| )- (|2.149l ). 

In the present chapter we study the case of a parallel U{1) curvature (co- 
variantly constant electromagnetic field), i.e. 

V^F,^ = . (3.8) 

That is, all jets F^„) are set to zero except the one of order zero, which is F itself. In 
this case eq. (13.71 ) takes the form 

k N N-l 

iag _ 



^diag - ^ ^ ^ ^ CikXm)\F' R(i,) ■ ■ ■R(i„) , (3.9) 



N=l 1=0 m=0 i>0 

lil+2N=2k 



where C^kj^fn)^ are now some (other) numerical coefficients. 

Thus, by summing up all powers of F in the asymptotic expansion of the 
heat kernel diagonal we obtain a new (non-perturbative) asymptotic expansion 

DO 

/t=0 
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where the coeliicients 5^ (0 are polynomials in the jets 

«f"« = ZZ Z 0^)^('-.) (3-11) 

N=l m=Q i>0 

|i|+2JV=2*: 

and fl^-ip) are some universal dimensionless tensor-valued analytic functions that 
depend on F only in the dimensionless combination tF . 

For the heat trace we obtain then a new asymptotic expansion of the form 

DO 

Tr exp(-?if ) ~ {Anty"'^ ^''^k(t) , (3.12) 

where 

Akit) = J Jvol traf'^(0 . (3.13) 

M 

This expansion can be described more rigorously as follows. We rescale 
the i7(l) -curvature F by 

F^Fit) = r^F, (3.14) 

so that tF(t) = F is independent of t. Then the operator Jff(t) becomes dependent on 
t (in a singular way!). However, the heat trace still has a nice asymptotic expansion 
as t ^ 

CO 

Tr exp[-t^(t)] ~ (Ant)-"'^ t^A^ , (3.15) 

k=Q 

where the coefficients Aj, are expressed in terms of F = tF{t), and, therefore, are 
independent of t. Thus, what we are doing is the asymptotic expansion of the heat 
trace for a particular case of a singular (as t ^ 0) time-dependent operator ^(t). 

Let us stress once again that the eq. (13.1 II) should not be taken literally; it 
only represents the general structure of the coefficients a^^^it). To avoid confusion 
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we list below the general structure of the low-order coefficients in more detail 

~aT\t) = f%), (3.16) 

= /(S)'^nOi?./j,v + /Sr(05??,v, (3.17) 
«f'(0 = /(S;^'^^'^^(0V(.v^)i?,,^, + /S;^'^^(0V(„V;3)^,v 

I A2) aPySfiva-p ( .\n p i f(2) a/3fiv/.\(n 

J (2,1) \'' J^a/iyS^fivcrp J {2,1) V /J^afiJ^fiv 

+f^^^-/^M^-P(t)KliR,yap, (3.18) 

with obvious enumeration of the functions. It is the universal tensor functions 
f(im)'^^^ that are of prime interest in this chapter. Our main goal is to compute the 
functions /(;')„)(0 for the coefficients 5q ^^(0, a j'^^(0 and a^^^^it). 



Of course, for ? = (or F = 0) the coefficients 3^(0 are equal to the usual 
diagonal heat kernel coefficients 

~af''HQ) = afK (3.19) 

Therefore, by using the explicit form of the coefficients a^^^^ given by (12.1491 ) we 
obtain the initial values for the functions f^^j^^y Moreover, by analyzing the corre- 
sponding terms in the coefficients a^'^^ and a"^^^ (which are known, [|53l [H l78l ), 
one can obtain partial information about some lower order Taylor coefficients of the 



functions /(*-5t)(0: 



f\t) = l-—t^F,,F>''' + 0{t'), (3.20) 
/(u;V(0 = ^5^6^5 + 0(0, (3.21) 
/(lirW = ^tiF'^' + Oit^), (3.22) 
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/Sr^^'VO = ^g'^K^l. + Oit), (3.23) 



= -^tiF^"[y^^ + 0(t^), (3.24) 



(3.25) 

y(2i;V(o = ^^i^i^ + oit), (3.26) 

(3.27) 

This information can be used to check our final results. 

Notice that the global coefficients Ak(t) have exactly the same form as the 
local ones; the only diflrerence is that the terms with the derivatives of the Riemann 
curvature do not contribute to the integrated coefficients since they can be eliminated 
by integrating by parts and taking into account that F is covariantly constant. 

Moreover, we study even more general non-perturbative asymptotic ex- 
pansion for the off-diagonal heat kernel and compute the coefficients of zero, first 

and second order in the Riemann curvature. We will show that there is a new non- 
perturbative asymptotic expansion of the off'-diagonal heat kernel as ? — > (and 
F = t~^F, so that tF is fixed) of the form 

oo 

U(t\x, x') ~ P(x, x')A^^\x, x')Uo(t\x, x') Yj t^'\(t\x, x') , (3.28) 

k=Q 
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where UqIS m analytic function of F such that for F = 

cr(x, x') 



Uo(t\x, x') 



= {Antyl^ exp 



f=0 



2t 



(3.29) 



Here bk{t\x, x') are analytic functions of t that depend on F only in the dimension- 
less combination tF . Of course, for t = they are equal to the usual heat kernel 
coefficients, that is. 



b2k{Q\x, x) = akix, x') , b2k+\i0\x, x') = 



(3.30) 



Moreover, we will show below that the odd-order coefficients vanish not only for 
t = and any x xf but also for any t and x = x', that is, on the diagonal. 



(3.31) 



Thus, the heat kernel diagonal has the asymptotic expansion (13.101) as ? ^ with 



af^^(0 = (4ntr^'U-\t)b;:Ht) 



;i/2/-rdiag. s , diag 



(3.32) 



In what follows we will consider the operators 



Obviously, they form the algebra 



(3.33) 



(3.34) 



For a covariantly constant electromagnetic field, considered in this work, the follow- 
ing relation holds lfT4l[5ll 

VpF„^ = . (3.35) 
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In this case we find it useful to decompose the quantity as 

s^i. = -\iFi.au" ^si^. (3.36) 
It can be easily shown that ^ has the following Taylor expansion 

24 o 
- :^R,aypR\AsiF\u''j/u'^u'u' + 0{u''). (3.37) 

We would like to stress that, the expansion for is valid in the case of a 
covariantly constant electromagnetic field. 

By utilizing the Taylor expansion for all the relevant quantities we are able 
to find an expansion for the heat kernel. First of all, the heat kernel can be presented 
in the form 

U{t\x, x') = exp i-t^) rix, x')6(x, x') , (3.38) 
which can also be written as 

U(t\x, x) = rix, x)Akx, x) exp{-t^)6{u) , (3.39) 

where 6(u) is the usual delta-function in the normal coordinates (recall that 
depends on x and x' and u = when x = x') and =Sf is an operator defined by 

^ = r'\x,x')A~Hx,x')^AHx,x')r(x,x') . (3.40) 

As is shown in (H [HI the operator ^ can be written in the form 

^ = -(V, + ^,- (d, + + , (3.41) 
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where = V^^. 

Now, by using these equations and by recalling the formula in (13.361 ). one 
can rewrite the operator in (|3.41l) in another way as follows 

£ = - [x^^'Df.Dy + y^Df, + Z) , (3.42) 

where X^''' is defined in (12.1151) and 

Y^' = (V^Xf") + 2X^^^ , (3.43) 

z = 4x^w,-^^x^^^, + (v^xn^, + (v^xn^, 

+ X^^V^s/y+X^^V^^y . (3.44) 

By using the covariant Taylor expansion of the two-point quantities that 
we described in Chapter 2, we obtain an expansion for the coefficients X^'', 7^ and 
Z of the operator ^ up to the fifth order 

3.3 Perturbation Theory 

Our goal is now to develop the perturbation theory for the heat kernel. We 
need to identify a small expansion parameter s in which the perturbation theory will 
be organized as e ^ 0. First of all, we assume that t is small, more precisely, we 
require t ~ s^. Also, since we will work close to the diagonal, that is, x is close to 
x' , we require that w'^ ~ e. This will also mean that V ~ e"' and dt ~ e~^. Finally, 
we assume that F is large, that is, of order F ~ s~^. To summarize, 

t~E^, u^-s, (3.45) 
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3.3.1 Perturbation Theory for the Operator ^ 

Now, we expand the operator ^ in a formal power series in s (recall that 
D ~ and w ~ e) to obtain 

oo 

(3.46) 

where are operators of order e*^"^. In particular, 

^0 = (3.47) 
^1=0, (3.48) 
= XfD„2), + Ff'D„+Z,, A:>2. (3.49) 



where 



= /"l).!). , (3.50) 



and X^^ , and are some tensor- valued polynomials in normal coordinates w^. 

Note that are homogeneous polynomials in normal coordinates and 
F of order e*^. Similarly, 7^ ~ e*""' and Z/. ~ s'''^. Of course, here the terms Fuu are 
counted as of order zero. That is, they have the form 

= », (3.51) 



Ml),*:' 

2/; = P{4), k-2 + Fal3P(=,)^ ^{u) + F,pFp^P';^p;i^^{u), (3.53) 



where P^j^ k{u) are homogeneous tensor valued polynomials of degree k. 

By using the covariant Taylor expansions in (|2.156l) . (|3.37l) and (|2.154l) 
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we find the explicit expression of the coeflacients 







C'2 apU"^ 5 


(3.54) 


^2 


- 




(3.55) 


Z2 


= 


H2 apU^l/ + L2 , 


(3.56) 


^3 




y-t^iv a B y 


(3.57) 


^^ 






(3.58) 








(3.59) 


zf 






(3.60) 








(3.61) 


Z4 






(3.62) 



where 

«-2 1)8 - 2 (<* ^) ' 
'-'201 2 a ■> 

^2'^Py 12 '■'^ P'' y)v ' 

L2 = \r, (3.63) 
6 

'-'3 aPy ~ g (q'-''^ ;S y) » 

1 1 2 

£'30^3 = ■:^(aR''p) - ■^''Rap + l^^ia'R'^P) , 

H^a = ^V^^^^ - ^V„i? , (3.64) 
5 o 
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a/iySe = '^R'^ (a\v\/iR^ y'^ siF\A\e) , 
Ha a/3 = ■^'R^i(a'R''l3) " ■^RuaR''/} " ^ V(,,V|^|'^''^) + —R^yR'af} 
+ ^R,AyaR'''p + ^ARap + ^^.V^i? , 



^4a/3yS - -■^R/.i/ /3R'' yiF\y\S) - —Rf,(a\A\/3R'^ y^" iF\y\S) - —'R^{aR^ / ylFiyis) , 



O^aPySeK - -yJ^Rnia pR'^ y'^ 6iF\v\eiF\A\K) ■ (3.65) 



Here and everywhere below the parenthesis denote the complete symmetrization 
over all indices enclosed; the vertical lines indicate the indices excluded from the 
symmetrization. 

3.3.2 Perturbation Theory for the Heat Semigroup 

Now, by using the perturbative expansion (13.461) of the operator =Sf and 
recalling that ~ s'^ and ? ~ e^, we see that the operator fD^ is of zero order and 
the operator t^k, > 2, is of (higher) order ^. Therefore, we can consider the terms 
t^k with > 2 as a perturbation. 

By using the Volterra series for the operator in (13.461 ) we obtain 

exp(-/'^) = T{t) exp(/'£>2) ^ (3.56) 
where T{t) is an operator defined by a formal perturbative expansion 

00 

r(o~^r,(o, (3.67) 
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with Tk{t) being of order s''. Explicitly, up to terms of fifth order we obtain 

Toit) = /, (3.68) 

Tiit) = 0, (3.69) 
1 

T2it) = tJdT, V2(tTi) , (3.70) 


1 



and 



T,{t) = tjdr, V,(tTi) (3.71) 



1 1 T2 

T^(t) = t J dTi V^itTi) + J dT2 J dTi V2(tTi)V2(tT2) , (3.72) 





Vt(s) = e'^ ^ke-'^ . (3.73) 



3.3.3 Perturbation Theory for the Heat Kernel 

As we already mentioned above the heat kernel can be computed from the 
heat semigroup by using the equation (13.391) . By using the heat semigroup expansion 
from the previous section we now obtain the heat kernel in the form 

CO 

Uit\x,x') ~ r(x,x')A^'^{x,x')Uo(t\x,x')Yjt'''^h(t\x,x') , (3.74) 

k=0 

where 

Uo(t\x, x') = exp(?2)2)(5(a) , (3.75) 

and 

bk(t\x, x') = r'''^Uo\t\x, x')Tk(t)Uo(t\x, x') . (3.76) 
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Thus, the calculation of the heat kernel coefficients reduces to the evaluation of the 
zero-order heat kernel UQ{t\x, x') and to the action of the differential operators Tk{f) 
on it. 

The zero order heat kernel Uf){t\x, x') can be evaluated by using the alge- 
braic method developed in [I6l|71. First, the heat semigroup exp(?2)^) can be repre- 
sented as an average over the (nilpotent) Lie group (13.341) with a Gaussian measure 



I ^ dk exp |-^FM^v(Or + FD^I 



expC/'D^) = {Antyl^Jit) I dk exp { -^k^M^yit)^ + FD^ \ , (3.77) 

where 



,1/2 

^ smh(tiF) 

and M(t) is a symmetric matrix defined by 



7(0 = det| . f^. I , (3.78) 



M{t) = iF cothitiF) . (3.79) 

We would like to stress, at this point, that here and everywhere below all the func- 
tions of the 2-form F are analytic and should be understood in terms of a power 
series in F. 

Then by using the relation 

exp(FD^)5(M) = 6iu + k) , (3.80) 

one obtains 

Uo(.t\x,x') = (4nty"'^J(t)expl^-^u''Mi,y(t)u''^ , (3.81) 

which is nothing but the Schwinger kernel for an electromagnetic field on R." [f72l. 

To obtain the asymptotic expansion of the heat kernel diagonal we just 
need to set x = x' {or u = 0). At this point, we notice the following interesting fact. 
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The operators tJi^, tVk{tT) and T]^{t) are differential operators with homogeneous 
polynomial coefficients (in u^) of order e^. Recall that u ~ s, t ~ and F ~ 
so that tF and Fuu are counted as of order zero. Since the zero order heat kernel Uq 
is Gaussian, then the off-diagonal coefficients bk{t\x, yf) are polynomials in u. The 
point we want to make now is the following. 

Lemma 1. The off-diagonal odd-order coefficients b2k+i are odd order polynomials 
in u^, that is, they satisfy 

b2M(t\x,x') =-b2M(t\x,x'), (3.82) 

i<l-»-M 

and, therefore, vanish on the diagonal, 

C-fi(0 = 0. (3.83) 

Proof. We discuss the transformation properties of various quantities under the re- 
flection of the coordinates, u -u. First, we note that the operator £) changes sign, 
and, therefore, the operator Xo = -i)^ is invariant. Next, from the general form of 
the operator discussed above we see that Xjt ^ (-1)*X*^. Therefore, the same is 
true for the operator Vk(tT), that is, Vk ^ (-l)^Vit. 

Now, the operator Tidt) has the following general form 

Tk = t'J] j dTl- - I dTrr,J]C,„,iVj,(tTr)---Vj„(tT,„), (3.84) 
m=l ^ ^ ]i\=k 



where the summation goes over multiindex j = (71 , . . . , jm) of integers 71 , . . . , 7m ^ 2 
such that Ul = ji + - • • + jm = k, and C^j are some numerical coefficients. Therefore, 



the operator transforms as T^t i-> (-l)^rj 



k- 
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Since the zero-order heat kernel Uq is invariant under the reflection of 
coordinates u ^ -u, we finally find that the coefficients bk transform according to 
bk ^ (-l)''bk. Thus, bjk are even polynomials and b2k+i are odd-order polynomials. 

□ 

By using this lemma and by setting x = x' we obtain the asymptotic ex- 
pansion of the heat kernel diagonal 

oo 

[/diag(^) ^ (Anty'^j^t) t%'^^{t) , (3.85) 
where the function J{t) is defined in (13.781) . Thus, we obtain 

-af'^t) = J(t)bf^\t) . (3.86) 

3.3.4 Algebraic Framework 

As we have shown above the evaluation of the heat semigroup is reduced 
to the calculation of the operators Vk{s) defined by (13.731) . which reduces, in turn, to 
the computation of general expressions 

•••l)^„,e--^-^' =Z'''(^)---Z''"(^)A^,(^)---V(^) ' (3-87) 

where 

Z\s) = e'^u'e-'^' , (3.88) 
A^{s) = e'^'V^e''^' . (3.89) 
Obviously, the operators and Zy form the algebra 

[A,{sXZ\s)] = 61 , [A,{s\A,{s)\ = iF,, , [Z^(5), Z^(5)] = . (3.90) 
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The operators A^(5) and Z^{s) can be computed as follows. First, we notice 
that A^{s) satisfies the differential equation 

dA,{s) = Ad^iA,{s) , (3.91) 

with the initial condition 

A,(0) = . 

Hereafter Ad^^i is an operator acting as a commutator, that is, 

Ad^A,(s) = [D\A^is)] . (3.92) 

The solution of eq. (13.911 ) is 

A^{s) = cxp(sAd^2)D^ , (3.93) 

which can be written in terms of series as 

~ k 

A^(s) = J]-(Ad^2)'D,. (3.94) 
Now, by using the algebra (|3.34l) we first obtain the commutator 

[D\D^] = -2iF^aD\ (3.95) 

and then, by induction, 

(Ads2)*^2), = i-2ifF^,^F"\,^ ■ ■■F"D,^ = [{-2iF)%„D'' . (3.96) 
By substituting this result in the series (13.941) we finally find that 

A,(s) = Y/(5)£>, , (3.97) 
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where 

¥(5) = expi-2siF) . (3.98) 
Similarly, for the operators Z''{s) we find 

Z^(s) = exp(sAd2)2)u^' = V -- (Ad^^if . (3.99) 
Now, by using the commutators in (13.341) . we find 

Ada2M'^ = [d\ u^] = 2iy , (3.100) 
and then, by induction, we obtain, for k>2, 

{Adj^ifu^ = 2[{-2iFf-^Y"T>a . (3.101) 
Thus the operator Z^\s) in (|3.89l) takes the form 

Z'^(5) = u^' - 2s& + 2 y ^—\_{-2iFf-^TT>a . (3.102) 
This series can be easily summed up to give 

Z^is) = u^ + Qr"{s)T>a , (3. 103) 

where 

„ 1 - exp(-25/F) sinh(5/F) 

^(s) = % = 2exp(-5/F) ^ . (3.104) 

iF iF 

Now, by using (13.981) and (13.1041) we obtain 

a-\s) = ]^iF [coth(^/F) + 1] = ^ Wis) + iF] . (3.105) 

We will need the symmetric and the antisymmetric parts of Q"'(j'). By recalling that 
the matrix F is anti-symmetric it is easy to show 

or,^,p) = \M,M. (3.106) 
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^~\ivp) = \iF,r^ (3.107) 

Here and everywhere below the square brackets denote the complete antisymmetriza- 
tion over all indices included. 

For the future reference we also notice that 

Qr\s)a^{s) = ^-^(5) = exp(25/F) , (3.108) 
Finally, we define another function 

0(5) = 'i'{s)Dr\s) = (Q.'\s)f = i [M(s) - iF] . (3.109) 
It is useful to remember that the functions ^, FQ. and Ofi are dimensionless. 

3.3.5 Flat Connection 

Next, we transform the operators to define new (time-dependent) deriva- 
tive operators by 

D,(s) = a-^Us)Z\s). (3.110) 
By using the explicit form of the operators and we have 

= ^^. + \m^p(s)u'' . (3.111) 

Since the operators commute, the operators D/^is) obviously commute 
as well. In other words the connection is flat. Therefore, it can also be written as 

D^,(s) = e-®^''>Vi,e®^'\ (3.112) 
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where, 



1 



®{s) = -u^'M^Mu" . (3.113) 



Now, we can rewrite the operators Ap(^) and Z^{s) in (13.971 ) and (13.1031) in 
terms of the operators D^{s) 

Z^(5) = n''"is)Dais) . (3.114) 
It is useful, for future calculations, to prove the following 
Lemma 2. Let Dfj and u'^ be operators satisfying the algebra 

[D^,u'']=6;, [D^,D,] = K,i<n = 0. (3.115) 

Then 

[d,,---D^^^,u^] = n5V^p.---^p„), (3.116) 
= n(n-l)(5V^%.^^3---^.„) 

Proof. Let X{^) = ^^Z)^ and 

iffit) = [e"'^^\u''] = - u^) e""^^' , (3.118) 

Then 

CO 

k 



DO ^ 

/t=() ^• 

By using the commutation relation in (13.1 151) we have 

[?((au''] = e, (3.120) 
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and, therefore, 

e'^^^^uPe-'^^^^ = uP + te . (3.121) 

Thus 

iff{t) = tee'^^^\ (3.122) 
By expanding in Taylor series both sides of the last equation we obtain 

(3.123) 

Now by equating the same powers of t in both series we obtain the claim (13.1 161) . 

The second relation can be proved in a similar manner. We introduce, in 
this case, the following generating function 

(ff'^it) = [e'^^^KuPu''] . (3.124) 

By the same argument used in the proof of the first relation we obtain that 

^'^(t) = [e'^^^\ uPu"] = It^^u^^e'^^^^ + • (3.125) 

Now, as before, by expanding the last equation in Taylor series and equating the 
same powers of t we obtain the claim (13.1 171 ). □ 

3.4 Evaluation of the Operator T 

The perturbative expansion of the operator T is given by the eq. (13.671) . 
with the operators Tk being integrals of the operators Vk{s) and their product. Thus, 
according to (I3.70I )- (I3.72| ), to compute the operator T up to the fourth order we need 
to compute the operators V2{s), V-i{s), V^is) and V2is\)V2{s2). 
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3.4.1 Second Order 



Now, by using the explicit expression for ^2 given by eqs. (13.491 ). (13.561) 
and (13.631 ). utilizing the results of the Section 3, exploiting eqs. (13.1 141) . (13.1 161) and 
(imTl) . using eqs. (1X981) . (111041) . (IXTO8I) and (111091) after some straightforward 
but cumbersome calculations we obtain 



1 

— 1 

6 



(3.126) 



where 



1 



(3.127) 



(3.128) 
(3.129) 
(3.130) 



Note that all these coefficients as well as the operators depend on the time vari- 
able s. We will indicate explicitly the dependence of various quantities on the time 
parameter only in the cases when it causes confusion, in particular, when there are 
two time parameters. 

3.4.2 Third Order 



Similarly, by using the explicit expression for given by (13.491) . (13.591 ) 
and (|3.64l) . utilizing the results of the Section 3, exploiting eqs. (|3.114|) . (I3.116|) and 
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dTTTTl) . using eqs. (1X981) . (I3J041) . (IITO8I) and (I3J091) after some straightforward 
but cumbersome calculations we obtain 



where 



^0) = -^(V„i? + 2V,5?^^)Q--, 



(3.131) 

(3.132) 
(3.133) 



(3.134) 
(3.135) 
(3.136) 



Here again, for simplicity, we omitted the dependence of the coefficient functions 
and the derivatives on the time variable s. 



3.4.3 Fourth Order 
Operator V4{s) 

By taking into account the definition of ^4 in (13 .49b by using eqs. (13.601) - 
(I3.62L (I3.114L (13.1161) and (13.1171) . and the explicit form of the functions *F and Q., 
we obtain 

+ Y'[^;''D^DpD,D,D, + S';^;'''D^DpD,D,D,D,, (3.137) 
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= ^[6V,WR/s, + l5V,V^'R%+l5R^J^'R^-9V,VjsR^ 



ea-pie _ 
(4) 



X 



, 1 
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(3.142) 



Operator V2(si)V2{s2) 

Next, we need to compute the product of two operators V2is) depending 
on different times si and S2 by using the eq. (13.1261) . To simplify the notation 
we denote the derivatives Dfj{sk) depending on different times Sk simply by D®. To 
present the product V2(si)V2(s2)i-n the "normal" form we need to move all derivative 
operators D^}^ to the right and all coordinates to the left. In order to perform this 
task we need the commutator of the derivative operator with the coefficients 
of the operator V2(s2). First, by using the commutators found earlier we obtain the 
relevant commutators 




,(1) 



(3.143) 



[/)(!)... p' 



(2) 



,(^2)] 





np^'>%,{s2)D^;^! ■ ■ ■ D^;'^^ 



(3.144) 



(3.145) 



where 



(3.146) 



(3.147) 



(3.148) 
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Next, by using the expression for the operator V2(s) in (13.1261 ) and the 
non-vanishing commutators in (I3.143I) - (I3.144I) we obtain 

^2(^1)^2(^2) = ^R^ + lR[V2{Si) + V2{S2)]+USuS2), (3.149) 

where 

LisuS2) = j^C^r'''''\suS2)I^---I^I^---I^ , (3.150) 



k=\ n=0 



and 



'(0,1) - -"(2) 

C^C,^ = 2N^^P:)N'^^^(s2) + 2P[%(s:)rXs2), 

= 2P^^^(s,)N^,^(s2) + 3Wi;\s,)fMs2) , 

Cju = 2W^;f(^i)<2)(^2) + 4ejr(^i)ri(^2), 

Cj[;^ = 2e;J/^(.i)<2)(^2) , (3.151) 

CZ) = 2A^f2)(^i)^2"(^2) + 2/'g(5i)/j^V^2) + 6W^;f(^i)g^V(^2), 

CTl) = 2Pj/.i)/>^J(^2) + 3W^;f(5i)/^''%(52) + 12eg^^(5i)/V^2), 

C;i;^- = 2wS,^sOP',2,(s2) + 4Q^;\s^W%{s2), 

Cj^T = 2eJ;'(5i)/'^J(52) , (3.152) 

Cfo7) = A^(2)(*l)/^"'«(^2) , 

= 2Nlp,)Wl^;{s2) + 2P'^:^p,)if'^\{s2), 
Ct7 = 2P%{s,)Wi;\s2) + 2>Wi;\s,)if'^\{s2), 

cgir = 2w^;f(.i)i¥f27(^2) + 4e^2r(^i)^"^(^2), 

^j,.p.. ^ 2ej;^(50wf2r(^2) , (3.153) 
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^(1,4) - ^(2)i'^l)^2 



c 



,af}pcrvx 
(2,4) 




(^2), 



c: 



•apypcrvx 
(3,4) 




(^2), 



c; 



,al3y6pcrvx 
(4,4) 




(^2). 



(3.154) 



3.5 Generalized Hermite Polynomials 

Thus, we reduced the calculation of the asymptotic expansion of the heat 
kernel to the calculation of the derivatives D^{s) of the zero order heat kernel UQ{t\x, x') 
given by (I3.81I ). The needed derivatives of the zero order heat kernel can be ex- 
pressed in terms of the following symmetric tensors 



Sv,..v„^,...^„(^i,^2) = U-,\t\x,x')D^^^---D^^lDf^---DfUo{t\x,x') , (3.156) 



where we denoted as before Dj^ ' = D^(sk)- 

We recall that the derivatives D^j}^ and Df'' do not commute! Also, Uq is 
a scalar function that depends on x and x' only through the normal coordinates u^. 
The derivative operator Z)^(5) is defined by (13.1111 ). and, when acting on a scalar 
function is equal to 



where the tensor M^y{s) is defined by (13.791 ) and the function 0(5') is a quadratic 
form defined by (IXTT31) . 



'K^,...^„(^) = U-Q\t\x,x')D^Xs) ■ ■■D^X^)UAt\x,x') , 



(3.155) 



and 




(3.157) 
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Therefore, by using the explicit form of the zero order heat kernel (13.811) 
we see that the tensors can be written in the form 

'H,,..,Ss) = exp{0(O - ©(*)}^ • • • exp{0(^) - 0(0} , (3.158) 

The tensors 'Kp,...p„(5) are polynomials in w^. They differ from the usual 
Hermite polynomials of several variables (see, for example, [34]) by some normal- 
ization. That is why, we call them just Hermite polynomials. The generating func- 
tion for Hermite polynomials 

DO ^ 

to"' 

can be computed as follows 

m^,s) = exp{0(O-0(5)}exp|^^^jexp{0(5)-0(O} 

= exp|if'A,^(5)[^ + 2i/-]| , (3.160) 



where 



A(^) = UM(s)-M(t)] 



2' 

1 iF smh[{t - s)iF] 

2 sinh(n'F) sinh(5'/F) 



(3.161) 



By expanding the exponent in ^ we obtain the Hermite polynomials ex- 
plicitly. They can be read off from the expression 

e'--- e"'H,,..,X^) = g ^(2"^ (eK/s(s)^f (e/^pAs)u''J"'' . (3. 162) 

For convenience some low-order Hermite polynomials are given explicitly in tenso- 
rial form in the next section. 
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Similarly, the tensors ay^...y^^^...^^{si, s^) can be written in the form 
^,...y„Ssi,S2) = exp [0(0 - 0(5i)] (3.163) 

They are obviously polynomial in as well. We call them Hermite polynomials of 
second kind. The generating function for these polynomials is defined by 

oo 

H(^, 77, 51, 52) = V -r-,r ■ ■ ■ e'-rf' ■ ■ ■ rf-^r.-y^S^u S2) , (3.164) 
^— '„ mini 

m,n=0 

and can be computed as follows 

S(^, 77, 51, 52) = exp {0(0 - 0(5i)} exp A j exp {0(5i) - 0(52)} 

X exp (77^^) exp {©(52) - 0(0} , (3. 165) 



du 

= exp |i^'^A„^(5i)(^ + 2m^) + ^rfA,y(s2)(ii' + 2^") + ^^Ap,(52)77" 
Notice that 

H(^, 77, 51, 52) = SiWr], 52) exp j^''Ap,(52)77") . (3. 166) 

This enables one to express all Hermite polynomials of second kind S(„)(5i, 52) in 
terms of the Hermite polynomials ^{m){s\), ^(i){s2), and the matrix A(52). Namely, 
they can be read off from the expression 

min(m,n) / \ / \ 

e^...e-r...rf''^y,..„s^us2)= g ^i^p (3.16?) 

Xr • • • r"'"H...v._,(^0^' • • • ^"-^'H,,..^„_,(52) (^^Ap<,(52)77'^f . 
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3.5.1 Calculation of Hermite Polynomials 

The Hermite polynomials are defined by 



= exp|-iM'^A„x}^---^exp|iM«A„x| 



d . A I d 



They can be computed explicitly as follows. First, let 

'H(„)(^) = r---r"'H„, (3.169) 



and 



Then 



5 = ^^—, A=^^A^X. (3.170) 



'H(„)(^) = (A + 5)"-l. (3.171) 



Finally, let 



C = [B,A\=^^^K,^\ (3.172) 
Obviously, the operators A, B, C form the Heisenberg algebra 

[B,A] = C, [A,C] = [B,C]=0. 

Lemma 3. There holds, 

<^ = ! J m{2,) (" -^y^'-^-B- . (3.173) 

Proof. Notice that e'^^'^^^ is the generating functional for (A + By. Now, by using 
the Baker-Hausdorff-Campbell formula 
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expanding both sides in t and computing the Taylor coefficients of the right hand 
side we obtain the eq. (13.1731) . □ 

By using this result we obtain an explicit expression for (13.1711) 

[f] , 

'HUO = ■ ■■e"'H^,...u = y -, C*^A"-2^ . (3.174) 

(«)vs7 s s A,, M„ ^ 2''kl(n-2ky. 

By setting A = we immediately obtain the (diagonal) values of Hermite polyno- 
mials at M = 

-idiag 



= 0, (3.175) 

r idiag (2n)! 

["Hpi-z^z,,] = 2^^^'^' ' ' ' ^^2«-iA'2„) • (3.176) 
We list below a few low order Hermite polynomials needed for our calcu- 



lation 



Ho) = 1, (3.177) 

'W^i./i, = A(p,^2) + A/,j„A/,,/jm"/ , (3.179) 
l^iiinini = 3A(p,^2A^3)q,m" -I- Ap|(yAp2^Ap3yM'*M^M^ , (3.180) 



'^^l/i2//3//4 - 3A(^,p2A^3^4) + 3A(^,^2Ap3|a|Ap^)^M"'M^ 

+ A^^„A^^Af,^yA^^su"u^u^u^ , (3.181) 



Ill 

+ Ai,^a^i,2fi^i,3y^i,,s\in'^"u^u^u^u\ (3.182) 

^fiiH2/^3m'5t^6 ~ 15A(pi^,A^3^^A^j^,g) + 45A(^,i^,A^3^^A^5lQ,|A^g)^M 
+ 1 5 A(p A^3 \a\ A/J4|^| A^jI^i A^,g)5M"i/ m'^'m^ 
+ A{nl\a\A^l2\|3\A^li\y\A^l^\s\^^li\v\^^l6)i^"^^^'^^^^^^'^ ■ (3.183) 

We list below some of the generalized Hermite polynomials of second 
kind. Now we have two sets of Hermite polynomials that depend on the quadratic 
forms A at two different times, s\ and sj. Let us define 

nH^n){si) = e'---e"'H,,..,,Xsi), (3.184) 
'H(„)(52) = rf'--- rf-"H,,..,,Xs2) , (3.185) 

and 

A(52) = rA.MW. (3.186) 
Then from eq. (13.1671 ) we obtain the quantities S(,„ „) that we need in our calculations 



S(0,l)(*l,*2) = 




(3.187) 




-- A(S2) + 'K(i)(^i)'K(i)(^2) , 


(3.188) 




= 2A(52)'K(i)(5i) + 7Y(l)(^2)^(2)(^l) , 


(3.189) 




= 3A(^2)^(2)(^l) + ^(l)(^2)^(3)(^l) , 


(3.190) 




= 4A(*2)'K(3)(5l) + 7Y(l)(^2)^(4)(^l) , 


(3.191) 



112 



S(0,2)(5l,52) = 'H(2)(52) (3.192) 

S(i,2)(*i,*2) = 2A(52)<H(i)(52)+'H(2)(52)'H(i)(5i), (3.193) 

3(2,2)(*1,52) = 2A2(52) + 4A(52)'H(1)(52)'H(1)(5i)+'H(2)(52)'H(2)(5i) (3.194) 

S(3,2)(*l,*2) = 6A'(52)'H(i)(5i) + 6A(52)'H(i)(52)'H(2)(5l) 

+ 'H(2)(52)'H(3)(5i) , (3.195) 

S(4,2)(^l,^2) = 12A2(52)'K(2)(5i) + 8A(52)'K(i)(*2)'H(3)(5l) 

+ 'H(2)(52)'H(4)(5i) , (3.196) 



S(0,3)(*l,*2) = •H(3)(52) (3.197) 

S(l,3)(5l,52) = 3A(52)<H(2)(52)+'H(3)(52)'H(i)(5i), (3.198) 

S(2,3)(5l,52) = 6A2(52)'H(1)(52) + 6A(52)'H(2)(52)'H(l)(5l) 

+ 'H(3)(52)<K(2)(5i) , (3.199) 

S(3,3)(5l,*2) = 6A3(52) + 18A2(52)'H(1)(52)'H(1)(5i) 

+ 9A(52)'H(2)(52)'H(2)(5l)+<K(3)(52)'H(3)(5l), (3.200) 

S(4,3)(5l,52) = 24A3(52)'K(1)(5i) + 36A2(52)'K(1)(52)'H(2)(5i) 

+ 12A(52)'H(2)(52)'H(3)(5l) + 'H(3)(52)'H(4)(5l) , (3.201) 
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S((,.4)(^^l,52) = •H(4)(.^2), (3.202) 
S(l,4)(*l,*2) = 4A(52)<K(3)(52)+'H(4)(52)'H(i)(5i), (3.203) 
S(2,4)(*l,*2) = 12A2(52)'H(2)(52) + 8A(52)'H(3)(52)'H(i)(5i) 

+ •H(4)(*2)'H(2)(5i) , (3.204) 

S(3,4)(5l,52) = 24A^(52)'H(l)(52) + 36A'(52)'H(2)(52)'H(l)(5l) 

+ 12A(^2)'K(3)(52)^(2)(^l) + ^(4)(^2)'K(3)(^l) , (3.205) 

3(4,4)(*1, *2) = 24A4(52) + 96A3(52)<K(1)(52)'H(1)(5i) + 72A2(52)<H(2)(52)'H(2)(5i) 

+ 16A(52)'H(3)(52)'H(3)(5l) + 'H(4)(52)'H(4)(5l). (3.206) 

The coincidence limit of the quantities S(;„ ,with m + n odd, vanishes 
identically 

[H(„.„)(5i, 52)]'"'' = , if (m + n) is odd . (3.207) 

By recalling the coincidence limits of the Hermite polynomials we obtain the fol- 
lowing 



[S(l,l)(Sl,S2)]'*''' = 


= A(S2), 




(3.208) 


[S(3j)(5l,52)]'*"'' = 


= 3A(5i)A(52), 




(3.209) 


[S(0,2)(5l,52)]'"''' = 


= A(52), 




(3.210) 


[S(2,2)(5'l,52)]'*''' = 


= A(5i)A(52) + 2A2(52), 




(3.211) 


[S(4,2)(*l,*2)]'*'''' = 


= 3A\s,)A(s2) + 12A(5i)A'(*2) , 




(3.212) 


[S(i,3)(Si,S2)]'*''' = 


= 3A\s2), 




(3.213) 


[S(33)(5i,52)]'*"'' = 


= 9A(sr)AHs2) + 6AHs2), 




(3.214) 


[S(2,4)(5l,52)]'"''' = 


= 3A(sOA\s2) + 12A3(52) , 




(3.215) 


[H(4,4)(5i,52)]*'' = 


= 9A'(5i)A'(52) + 72A(ji)A^(52) + 24A^(52) . 


, (3.216) 
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3.6 OfF-diagonal Coefficients bk 

By using the machinery developed above, we can now write the coeffi- 
cients of the asymptotic expansion of the heat kernel in terms of generalized Hermite 

polynomials. We define the following quantity 

1 



+QP^^^\tT)n^p^,s{tT)\ . (3.217) 



Then, by referring to the formulas (I3l26l) . (l3l3T]) . (I3J371) and (I3l49l) and by using 
the following formula for multiple integrals 

b Tn T^ b 

J dTn J dTn-i ■ J dT,f(T:) = J dz (b - t)"-' /(t) , (3.218) 



a a 

we obtain 



b2(t\x,x') = lR + b2,ii)(t\x,x'), (3.219) 



1 

b3(t\x, X') = J dT[N[,^(tT)9{Atr) + P]l^{tT)nHys{tT) + W'^^\tT)^^ys{tT) 







QP^^f{tT)nH,^ys{tT) + y;j"^'(fT)'K,p^^,(?T)] , (3.220) 



bMx,x') = + lRb2,(i)(t\x,x') 



1 

-1 





er4f (^T)'K„,,(fT) + y;47"'(?T)n..i,(?T) + S'^^l'^\tT)ne.A,y{tT)\ 

4 4 1 ^2 
EE r^^2 r JTiC™---''*(?Ti,?T2)S,,..^,,,,..,,X?Ti, 



(3.221) 
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3.7 Diagonal Coefficients bk 

In order to obtain the diagonal values bf^it) of the coefficients bk{t\x, x') 
we just need to set w = in eqs. (13.2191 ). (13.2201) and (13.2211 ). For the rest of this 
section we will employ the usual convention of denoting the coincidence limit by 
square brackets, that is, 

= /(O). (3.222) 

By inspection of the equation defining the generalized Hermite polyno- 
mials, one can easily notice that, in the coincidence limit, all the ones with an odd 
number of indices vanish identically, namely 

[n.. = ■ (3-223) 

By using the last remark we have the following expression for the coincidence limit 
of (IXIT91) . i.e. 

^(0 = ^i? + C)« ' (3.224) 

where 

1 

C)W = / ^T[pg(?T)<H,5(?T) + e^27'(^^)H-r5(^^)]'"' • (3-225) 



By using the explicit form of the coefficients P(2), 2(2) and the generalized Hermite 
polynomials, we obtain 

<(f)(o = /(i)"^v(o^^'/j + Jarm^r + Jorm,y ^ (3-226) 



116 



where 





+^ (6/ + 3^/) Q'^'^OP'^^'^'A^^Asy^^ , (3.227) 
1 

J(2r(t) = 1 JjT(5^ + 7¥^,)n^^^A/, (3.228) 





1 



Jo^it) = JdT D^y^^]^A^5 . (3.229) 



Here all functions in the integrals depend on tr. 

Next, we introduce the following matrices 

orr^ nr^^r^ 1 exp[(f - 25)/F] - exp(-?/F) 

Jl(s) = Q.(s)A(s) = ■ . , , (3.230) 

2 sinh(riF) 

«^ ^ ^^ coth(?/F) cosh[(? - 25)/F] /oooix 

s(5) = ri(5)A(5)ri(5) = — — . , (3.231) 

iF iF sinh(?jF) 



Tis) = Q-\s)--W(s)A(s)-^A(s) 

= - 1 3iF coth(riF) + — — — cosh[(f - 2s)iF] I . (3.232) 
8 \ sinh(?/F) 



1„ 3 



Then, by using the relation 



Q.(s)A(s)'¥(sf = D^(5)A(5) = J(^(s) , 



(3.233) 
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we obtain 



1 



+ ^ [^;"{tT)^^\{tT) + 3Jl^''itT)Jl/itT)) I , (3.234) 
1 

J^^f^(t) = ^ J dTM^%T) = ^d^' , (3.235) 



r 1/1 \^''^ 

I dT^^^XtT) = - 2 I ^ ~ co\h{tiF)\ . (3.236) 



Unfortunately the integral J(i)"^fiv cannot be computed explicitly, in general. 

As we already mentioned above all odd order coefficients bjk+i have zero 
diagonal values. We see this directly for the coefficient Z?3, which is given by (|3.220l) . 
That is, by recalling the formulas in (13.1321) through (13.1361) and the remark (|3.223l) 
we have 

Z^f ^(0 = . (3.237) 

Finally, we evaluate the diagonal values of fourth order coefficient given 
by (13.2211 ). It can be written as follows 

bT\t) = + + Kt(0 + K%(t) ■ (3.238) 

By noticing that for odd n + k, the diagonal values of the coefficients C(n,k) vanish, 

and by using the explicit form of Hermite polynomials and the generating function 
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(13.1661 ) we obtain 

1 

= J Jr{pf4)(?T)A,,(?T) + 3 [Q'^;,\tT)f"' A(,,(?T)A,,)(?r) 



+ 1555;'^''''(fT)A(,,A,,(?T)A,,)(fT)| , (3.240) 



1 r2 

<-(0 = jdr.J Jri{2[p-/rO]''"rXT2)Ag + 2[pg(rO]''V->.,(r2)A2 



ndiagr ndiag 



+ 12e-^^(r0r.(r2)A;>S + (2[pg(r0] Y^^ir,)] 

+ l2Q"^^\r,)g<^-Ur2)) (K^Afl + 2ASAg^) 

+ 6[p-(rO]''";.^-^Ur2)ASA^^> 

+ 2eS^^(rO[i-;(r2)]'" (SA^A^yA^^) + nA^ASAg) 

+ 4e;'^^^(T0;.^'^^VT2) (9KKp^^I + 6a2a?>;^.)) 

+ (3ASA?>S + 12ASA2^Atj) 

+ err(-oe?r(-^)(9Ai>;>?x? +72ai^)asa:,>5 

+ 24ASAgA;^>J>)} , (3.241) 

where the superscript on the matrix A denotes its dependence on either tTi or tT2. 

We see that the scalar curvature appears only in the term b^^f^it). Now, 
the term ^4 1'2)(0 only contains derivatives of the curvature and quantities which are 
quadratic in the curvature with some of their indices contracted. It has the following 
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form 

C(^) = l^B^m.^^R'^'' ^ ^Zp^m,\"R'''' ^ ^^^^^^ 

+ Af^^yimy^'R'^'' + \B,/^my"'R'^ 

+ lB,^it)W^R + P.^ll^itWVl'W^ + ^-B,p{tWV^WP . (3.242) 

Here the tensors a^'\s) are functions that only depend on F (but not on the Riemann 

curvature) defined by 

3 13 

a^^'' Aay/j(s) = -^^iay^m + gQ^Car'^l-ll/S) , (3.243) 



480 ""^^"^^ ^ ^ ; 10 

187 31 



+ ^S^isy^^^^^'^ + ^ (Saifi^.^^s)"^ + B^pyJ^s)"-"^/^) , (3.244) 
3 1 

a^^^anPyis) = ^^(ayS^y)/j + ^^(ajS^|/i|r) , (3.245) 

a^'^KfiPyis) = —^B(ap^y)fi " gS(a/;^|^|y) , (3.246) 

+ ^B<fiy^'''6)^''\, (3.247) 
9 3 

0^^\finv(s) = -^^^iap^W) - -^^iiia^pv) , (3.248) 

a^'\/suy(s) = -^S^afi^i^M. (3.249) 
All functions here are evaluated at the time s (unless specified otherwise). 



120 



The term b^f^(t) only contains quantities which are quadratic in the cur- 
vature with none of their indices contracted. It has the form 



+ ^Zpp^tW'R"""' + ^ZpitWR"" + ^tU^^'^'^'^"" ' (3.250) 

where Dj,'j...^„(0 are some tensor-valued functions that depend on tF. They have the 
form 

1 T2 

Djr..;.„(0 = J dT2 J dT, d%..^^{tTutT2) . (3.251) 


To describe our results for the tensors cfi^ we define new tensors 



= V + pV' (3-252) 

- ^tl/"Q,^fi(i)/)0,,A,,A^, + ^f2/^Q,'*¥„''£(3)/A,,A,,A,^ (3.253) 

^ySpcri^xif^l^tTi) = A^(?Ti)(S5^0y,Op^)(?T2) + 2(^5,^^^0„Op^)(?T2) 

- ^ I^Kr,(tTi)[A^,AcoT)(tT2) + ^Ke(tri)(A^oj\TytT2?j 

X (Q/^f2<,-£(i)/>0^,)(rT2) 

+ ^|(At;,A^)(fTi)(AerA^^)(rT2) + 8A,;,(?Ti)(A,;,A^^A^^)(?T2) 

8 
3 



+ -(A,,A,,A,,A^,)(^T2)U^l/^a/¥/£(3)/))(^T2). (3.254) 
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Then the tensors J^*^ have the form 

£1 



^ / /~v ((/-\ KIT/ no vA/^_ \^ r ^_ \ 



+ 
+ 



+ 
+ 



^(^l^^'Q/¥,''fi(3)/)(?Ti)%5p,..,^(?Ti, ?T2) , (3.255) 

- ^(S^,rM<,p)(?Ti)yi(^v)(?T2) 

- ^^G"v)(?Ti)(S;3^M„p)(?r2) 

'ytT2)\ 

+ ^ny%j-,/\tTi)SaJSpacK(tT2) , (3.256) 

Jo 

4i;s(^'^l'^^2) = -^(^^v^'£(7)/^)(?ri)(0„,^^,)(?T2) + ^M(^y^(tTi)Ji^„,s)itr2) 

+ Y^i^v^'fi(7)/^(?Tl)(^^A.crfi(7)a")(?T2) , (3.257) 



122 



+ l(^l,(^^/))(?Ti)(Q/'a<,'^£(i)/)0„,A,A.,)(?T2) 

+ i(Q^('Q/Y,''£(3)p^>)(?Ti){2A^(?Ti)(^v.O^,)(?T2) 

- (j^l^AA^jC^-^-l) - 4A,,(?Ti)(¥/j?l,,A,,)(?T2)) 

- ^{(^;.vA..A,e)(?T2) + 4(Q/"^/^)(?Ti)(A,,A^A,.)(?T2)) 

X (q/'Q/»F,''£(3)p^>)(?T2) , (3.258) 



+ ^(a^^^/^)(?Ti)(0,^J?l^,)(?T2) 

2 2 

- T^(a;8)(?Tl)^;,v(?T2) - T^(a^)(?T2)^;,v(?Tl) 



- ^(f2/'£(7)/^)(?Ti)(^/:7l,A.)(?T2) 

- ^(f2v^'^/^)aTi)(c/''/^A,,A,,)(?T2) , (3.259) 



C^(^^i'^^2) = -2(D;^^/>)(rTi)(<D,^:?l^,)(rT2) + 2:?l^,(rTi)j?l„^(rT2) 

+ 4(q,(^Y/>)(?ti)(*P,'^^^,A^,)(?T2) . (3.260) 
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3.8 Conclusions 

In this chapter we studied the heat kernel expansion for a Laplace operator 
acting on sections of a complex vector bundle over a smooth compact Riemannian 
manifold without boundary. We assumed that the curvature F of the C/(l) part of the 
total connection (the electromagnetic field) is covariantly constant and large, so that 
tF ~ I, that is, F is of order r^. In this situation the standard asymptotic expansion 
of the heat kernel ast—>0 does not apply since the electromagnetic field cannot be 
treated as a perturbation. 

In order to calculate the heat kernel asymptotic expansion we use an al- 
gebraic approach in which the nilpotent algebra of the operators plays a major 
role. In this approach the calculation of the asymptotic expansion of the heat ker- 
nel is reduced to the calculation of the asymptotic expansion of the heat semigroup 
and, then, to the action of difi'erential operators on the zero-order heat kernel. Since 
the zero-order heat kernel has the Gaussian form the heat kernel asymptotics are 
expressed in terms of generalized Hermite polynomials. 

The main result of this work is establishing the existence of a new non-per- 
turbative asymptotic expansion of the heat kernel and the explicit calculation of the 
first three coeflScients of this expansion (both off'-diagonal and the diagonal ones). 
As far as we know, such an asymptotic expansion and the explicit form of these 
modified heat kernel coefficients are new. 

We presented our result as explicitly as possible. Unfortunately, some 
of the integrals of the tensor-valued functions cannot be evaluated explicitly in full 
generality. They can be evaluated, in principle, by using the spectral decomposition 
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of the two-form F, 

[«/2] [«/2] 

F = Y,BkEk, F^ = -Y,BlUk, (3.261) 

k=l k=l 

where are the eigenvalues, are the (2-dimensional) eigen-two-forms, and Ilk = 
-E^ are the corresponding eigen-projections onto 2-dimensional eigenspaces. Then 
for any analytic function of tiF we have 

[n/2] [nil] 

fitiF) = f(tBk):r(Uk + iEk) + J] f(-tBk)-(Uk - iE^) . 0261) 

k=\ k=\ 

However, this seems impractical in general case in n dimensions. It would simplify 
substantially in the following cases: i) there is only one eigenvalue (one magnetic 
field) in a corresponding two-dimensional subspace, that is, F = BiEi (which is 
essentially 2-dimensional), and ii) all eigenvalues are equal so that F^ = -I (which 
is only possible in even dimensions). 



CHAPTER 4 



LOW-ENERGY EFFECTIVE ACTION IN 
NON-PERTURBATIVE 
ELECTRODYNAMICS IN CURVED SPACETIME^ 



Abstract 

We study the heat kernel for the Laplace type partial differential opera- 
tor acting on smooth sections of a complex spin-tensor bundle over a generic n- 
dimensional Riemannian manifold. Assuming that the curvature of the U(l) con- 
nection (that we call the electromagnetic field) is constant we compute the first two 
coeflScients of the non-perturbative asymptotic expansion of the heat kernel which 
are of zero and the first order in Riemannian curvature and of arbitrary order in the 
electromagnetic field. We apply these results to the study of the effective action in 
non-perturbative electrodynamics in four dimensions and derive a generalization of 
the Schwinger's result for the creation of scalar and spinor particles in electromag- 
netic field induced by the gravitational field. We discover a new infrared divergence 
in the imaginary part of the effective action due to the gravitational corrections, 
which seems to be a new physical effect. 



^The material in this chapter has been submitted for peer review to Journal of Mathematical 
Physics: I.G. Avramidi and G. Fucci, Low-Energy Effective Action in Non-Perturbative Electrody- 
namics in Curved Spacetime, arXiv: 0902.1541 [hep-th] 
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4.1 Introduction 

Schwinger used, in fT2\ . the heat kernel asymptotic expansion technique 
to evaluate the one-loop effective action in quantum electrodynamics. In particular 
he solved, exactly, the case of a constant electromagnetic field and derived an heat 
kernel integral representation for the effective action. He showed that the heat ker- 
nel becomes a meromorphic function and a careful evaluation of the integral leads 
to an imaginary part of the effective action. Schwinger computed the imaginary 
part of the effective action and showed that it describes the effect of creation of 
electron-positron pairs by the electric field. This effect is now called the Schwinger 
mechanism. This is an essentially non-perturbative effect (non-analytic in electric 
field) that vanishes exponentially for weak electric fields. 

Therefore its evaluation requires non-perturbative techniques for the cal- 
culation of the heat kernel in the situation when curvatures (but not their derivatives) 
are large (low energy approximation). 

Li ETl we computed the heat kernel for the covariant Laplacian with a 
strong covariantly constant electromagnetic field in an arbitrary gravitational field. 
We evaluated the first three coefficients of the heat kernel asymptotic expansion in 
powers of Riemann curvature R but in all orders of the electromagnetic field F. In 
the present chapter we use those results to compute explicitly the terms linear in the 
Riemann curvature in the non-perturbative heat kernel expansion for the scalar and 
the spinor fields and compute their contribution to the imaginary part of the effective 
action. In other words, we generalize the Schwinger mechanism to the case of a 
strong electromagnetic field in a gravitational field and compute the gravitational 
corrections to the original Schwinger result. 
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4.2 Setup of the Problem 

Let M be a n-dimensional compact Riemannian manifold (with positive- 
definite metric g^y) without boundary and »S be a complex spin-tensor vector bundle 
over M realizing a representation of the group Spin(n) O U{1). Let ^ be a sec- 
tion of the bundle S and V be the total connection on the bundle S (including the 
spin connection as well as the U(l)-connection). Then the commutator of covariant 
derivatives defines the curvatures 

[V^,V,]^ = (^^, + /F^,)^, (4.1) 

where F^y is the curvature of the ?7(l)-connection (which will be also called the 
electromagnetic field) and "R^y is the curvature of the spin connection defined by 

^juv = 2^''''nv^ab , (4.2) 

with Safe being the generators of the spin group Spin(n) satisfying the commutation 
relations 

[I.abX']=4S^\a^'h^. (4.3) 

Note that for the scalar fields !^^v = and for the spinor fields 

Safe = ^7ab , (4.4) 

where jab = TiaTb] (more generally, we define yai...a„ = 7[ai ■ ■■ya^]) and are the 
Dirac matrices generating the Clifford algebra 



raYb + 7 by a = 2gafel . 



(4.5) 
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4.2.1 Differential Operators 

In the present chapter we consider a second-order Laplace type partial 
differential operator, 

L = -^ + ^R + Q, (4.6) 

where A = g'^^V^Vy is the Laplacian, ^ is a constant parameter, and Q is a smooth 
endomorphism of the bundle S. This operator is elliptic and self -adjoint and has a 

positive-definite leading symbol. Usually, for scalar fields we set 

Qscalar ^ q _ (4 

Moreover, for canonical scalar fields the coupling 

for canonical scalar fields , 



■scalar 



{n - 2) (4-8) 
for conformal scalar fields . 



I 4(n-l) 

Another important case is the square of the Dirac operator acting on spinor fields 

L = D^ (4.9) 

where 

£) = //V^. (4.10) 
It is easy to see that in this case we have 

^spinor^l^ (4.11) 



and 

1 
2 



gspinor ^ __.^^^y.v_ (4_j2) 
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The object of primary interest in quantum field theory is the (Euclidean) 
one-loop effective action determined by the functional determinant 

Td) = g log Det (L + m^) , (4. 13) 

where g is the fermion number of the field equal to (+ 1 ) for boson fields and (- 1 ) for 
fermion fields, m is a mass parameter, which is assumed to be sufficiently large so 
that the operator (L+rn^) is positive. Notice that the usual factor ^ is missing because 
the field is complex, which is equivalent to the contribution of two real fields. Of 
course, this formal expression is divergent. To rigorously define the determinant 
of a differential operator one needs to introduce some regularization and then to 
renormalize it. One of the best ways to do it is via the heat kernel method. 

4.2.2 Spectral Functions 

The determinant of the operator L + rn^, considered above, can be defined 
within the so-called zeta-function regularization as follows. First, one defines the 
zeta function by 

^(s) = i/'Tt (l + m^)"' = Jdx g^'^Z(s) , (4.14) 

M 

where 

CO 

1.2s n 

Z(s) = ^ \ dt f-^e-""\j: U^^\t) , (4.15) 

r(*) J 



tr denotes the fiber trace over the bundle S and /i is a renormalization parameter in- 
troduced to preserve dimensions. Therefore, the zeta-regularized one-loop effective 
action is simply 

r(i) = -^>r(0), (4.16) 
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and the one-loop effective Lagrangian is given by 

£ = -qZ'(0). (4.17) 
The effective Lagrangian can be also defined simply in the cut-off regularization by 

CO 

■C = -qJ je-'^'tr V^^it) , (4.18) 

where e is a regularization parameter, which should be set to zero after subtracting 
the divergent terms. Another regularization is the dimensional regularization, in 
which one simply defines the effective action by the formal integral 

CO 

£ = -gi/' J je-""\r V^^Ht) , (4.19) 



where the heat trace is formally computed in complex dimension (n - 2s) with suf- 
ficiently large real part of s so that the integral is finite. The renormalized effective 
action is obtained then by subtracting the simple pole in s. 

For elliptic operators (in the Euclidean setup) the heat trace is a smooth 
function of t; in many cases it is even an analytic function of t in the neighborhood of 
the positive real axis. However, in the physical case for hyperbolic operators (in the 
Lorentzian setup) the heat trace can have singularities even on the positive real axis 
of t. As we will show later in the approximation under consideration (for constant 
electromagnetic field) it becomes a meromorphic function of t with an essential 
singularity at ? = and some poles t^, k = 1, 2, . . . „ on the positive real axis. 
It turns out that the imaginary part of the effective action does not depend on the 
regularization method and is uniquely defined by the contribution of these poles. 
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These poles should be avoided from above, which gives 



oo 



Im X = -gn 7 Res 



(4.20) 



This method was first elaborated and used by Schwinger It72]| in quantum electrody- 
namics to calculate the electron-positron pair production by a constant electric field. 
One of the goal of our work is to generalize the Schwinger results for the case of 
constant electromagnetic field in a gravitational field. We will compute the extra 
contribution to the particle production by a constant electromagnetic field induced 
by the gravitational field. 

4.2.3 Heat Kernel Asymptotic Expansion 

Li the previous Chapter we studied the case of a parallel U{\) curvature 
(covariantly constant electromagnetic field), i.e. [|25l 



In the present chapter we will also assume that the potential term Q is covariantly 
constant 



By summing up all powers of F in the asymptotic expansion of the heat kernel 
diagonal we obtained a new (non-perturbative) asymptotic expansion 



. 



(4.21) 



v„e = o. 



(4.22) 



CO 



U^'^Ht) - mr"'^ exp i-tQ) Jit) ^ t'b2k(t) , 



(4.23) 



k=0 



where 




(4.24) 
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and b2k{t) are the modified heat kernel coefficients which are analytic functions of 
t at t = which depend on F only in the dimensionless combination tF. Here 
and everywhere below all functions of the 2-form F are analytic at and should be 
understood in terms of a power series in the matrix F = (F^v). Notice the position of 
indices here, it is important! There is a diff"erence here between Euclidean case and 
the Lorentzian one since the raising of indices by a Minkowski metric does change 
the properties of the matrix F. Also, here det denotes the determinant with respect 
to the tangent space indices. 

The fiber trace of the heat kernel diagonal has then the asymptotic expan- 
sion 

DO 

tr f/'^'^s(0 ~ (Anty'^^it) t''B2k(t) , (4.25) 

where 

O(O = 7(Otrexp(-r0 , (4.26) 

B,,,, = -^^^-f^f) , (4.27) 
tr exp i-tQ) 

are new (non-perturbative) heat kernel coefficients of the operator L. The integrals 
dxg^l^B2k{t) are then the spectral invariants of the operator L. 

4.3 Calculation of the Coefficient ^2(0 

In Chapter 3 we obtained, in particular, the first three coefficients of the 
heat kernel asymptotic expansion, namely, ll25l 



b^it) = 1, (4.28) 
bi{t) = 0, (4.29) 
Z72(0 = (2p.W^v/^(0 + V^«v/^(0)^'^"^^ (4.30) 
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where 

W{t) = ^(cotha/F)-^j , (4.31) 

1 



-^^\(r)m"^dr) - \^\(T)m^Ar?j , (4.32) 



and 



2 sinh(?jF) 

coth(?/F) 1 

S(T) = — — -— cosh[(l-2T)?iF], (4.34) 

tiF sum{tiF) 

Z(r) = 3tiF coth(tiF) + . f,^.^, cosh[(l - 2T)tiF] . (4.35) 

smh{tiF) 



The trace coefficients are then given by 



Bo(t) = 1, (4.36) 
52(0 = {^^..(OWvMO + V^avMo}^'^""^ , (4.37) 



where 



t r exp(-?0£^ ^ 
tr exp(-?0 



*i'(Opa = • (4.38) 



4.3.1 Spectral Decomposition 

To evaluate it we use the spectral decomposition of the matrix F = (F^v)> 



N 



F = Y,BkE,, (4.39) 



k=i 
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where S^t are some real invariants and = (Ei/'y) are some matrices satisfying the 
equations 

Ek^y = -Eky^,, (4.40) 

£JA=0, (4.41) 

and forki^m 

EkE^ = Q. (4.42) 

Here, of course, N < [n/2]. The invariants (that we call "magnetic fields") should 
not be confused with the heat trace coefficients Bq and Bi. 

Next, we define the matrices = (11/ y) by 

^k = -El. (4.43) 

They satisfy the equations 

nfc^v = nfc,^, (4.44) 

EkTlk = IikEk = Ek, (4.45) 

and forki^m 

EkUr„ = YlmEk = , n^n^ = . (4.46) 

To compute functions of the matrix F we need to know its eigenvalues. 
We distinguish two different cases. 



Euclidean Case. In this case the metric has Euclidean signature ( + H — +) and the 
non-zero eigenvalues of the matrix F are . . . , +iBN, (which are all imaginary). 
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Of course, it may also have a number of zero eigenvalues. In this case the matrices 
Hic are nothing but the projections on 2-dimensional eigenspaces satisfying 



m = u. 



n,% = 2. 



(4.47) 



In this case we also have 



Then we have 



N 



(iFf'" = Y,Bl'"U,, (m>l) 



k=l 

N 



(iFf'"*' = J^Bl'"^HEk, (m>0). 



k=i 



and, therefore, for any analytic function of tiF at r = we have 



^ fir 11 
fitiF) = /(0)I + g ^:^[fm) + f(-tBk) - 2/(0)Jn, + - 



(4.48) 

(4.49) 
(4.50) 



fm)-n-tBk) 



(4.51) 



Pseudo-Euclidean Case. This is the physically relevant case of pseudo-Euclidean 

(Lorentzian) metric with the signature (- H h). Then the non-zero eigenvalues of 

the matrix F are +Bi (which are real) and +iB2, +13^, (which are imaginary). 
We will call the invariant Bi, determining the real eigenvalue, the "electric field" and 
denote it by B\ = E, and the invariants Bt, k = 2, . . . ,N, determining the imaginary 
eigenvalues, the "magnetic fields". So, in general, there is one electric field and 
(A^ - 1) magnetic fields. Again, there may be some zero eigenvalues as well. 

In this case the matrices 112,. • • J^n are the orthogonal eigen-projections as 
before, but the matrix Hi is equal to the negative of the corresponding projection, in 
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particular. 



Now, we have 



(4.52) 



N 



{iFf^ = -(iEf'"Ui + ^ Bl"'Uk , (m > 1) (4.53) 



k=2 

N 



(j^pfm^i = (iEf'"^^Ei + 2 Bl'"*HEk , (m > 0) . (4.54) 



k=2 



Thus, to obtain the results for the pseudo-Euclidean case from the result 
for the Euclidean case we should just substitute formally 



Bi iE, iEi i-^ El, III -Hi 



(4.55) 



In this way, we obtain for an analytic function of itF, 



fitiF) = f(0)i -l]^f(itE) + f(-itE)- 2/(0) 
+ 2 1 2V(^Bk) + f(-tBk) - 2/(0) 



1 

1 

^^ + - 



f(itE)-f(-itE) 
f{tBk)-f{-tBk) 



El 
(4.56) 



4.3.2 Scalar and Spinor Fields 



First of all, we note that for scalar fields 



<j,scalar(^) = J(t) , ^(0 = 



For the spinor fields we have 



^spinor^^) = J(t) tr exp I -tiF^yY"' 



(4.57) 



(4.58) 
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nrw = \ ,7 \ ■ (4.59) 

Here tr denotes the trace with respect to the spinor indices. 

We will compute these functions as follows. We define the matrices 

r, = i/£fy^,. (4.60) 

Then by using the properties of the matrices and the product of the matrices y^y 

rjap = y'\p - 4</% - 16^6^^l , (4.61) 

(and some other properties of Dirac matrices in n dimensions) one can show that 
these matrices are mutually commuting involutions, that is, 

T^ = I, (4.62) 

and 

[Tk,T„] = 0. (4.63) 
Also, the product of two different matrices is (for k m) 

TkT,, = ~E>'^ElPy,y„p. {AM) 

More generally, the product of m > 1 different matrices is 

= (^f<''---^r""r.......„. (4.65) 



It is well known that the matrices 7/zi...;,i^ are traceless for any k and the 
trace of the product of two matrices 7^, ...^^ and 7vi...v„ is non-zero only for k = m.By 
using these properties we obtain the traces 

trr;t = 0, (4.66) 
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try'PTk = -2^''I^MEf , (4.67) 

and for m > 1 : 

trr,,---r,„ =0, (4.68) 

try^^r,,-- -7,^=0, (4.69) 
when all indices k\, . . .km^st different. 

Now, by using the spectral decomposition of the matrix F we easily obtain 

^^^^ N 

•^W = ri-^^. (4.70) 

and 

/I \ ^ 

tr exp \^-tiF^,y'''^ ^ ^^^'^'^ ' ^'^■'^^^ 

/I \ ^ 

tr exp \^tiF^,r''^ = trr^ [J exp (?r,5,) . (4.72) 

By using the properties of the matrices we get 

exp (tTkBk) = cosh(tBk) + sinh(?50 . (4.73) 

Therefore 

/I \ " 

tr exp [i^tiF^^r"^ = 2["/2] [J cosh(?5,) , (4.74) 

and 

N N N 

trr^Yl^xpitTM = ]~[cosh(?5,)2tanh(?fi,)tr7'^^r, 

k=i j=i k=i 

N N 

= -2["/2] ]~[ cosh(?5^) 2 tanh(?5i)j£f . (4.75) 
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Thus for the spinor fields 



N 



O'P'°°''(0 = 2^"'^^ Y\ cothitBk) , (4.76) 



and 



1 ^ 

= -2 Z tanh(r5,)/£te^ . (4.77) 



By the way, this simply means that 



where 



xpspinor^^) = - 1 tanh(?/F) . (4.78) 



4.3.3 Calculation of the Tensor V/^avfiit) 

Next, we compute the tensor V^'*vj8(0- First, we rewrite in the form 

1 



+^^'"(T)^,#(T) - ^yi,(r)y'„(r)\ , (4.79) 



^(x) = -ooth(,,F). ^"^*'^^"^' . (4.80) 

sinh(?jF) 

^(,) = i. sinhKl 2x^.1 
sinh(?5^) 
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Next, we parameterize these matrices as follows 

N 

S(t) = 2T(l-T)I + 2/i.,(T)n,, (4.82) 

k=l 

N 



where 



Z(t) = 4l + Y,f2,k(T)Uk, (4.83) 

N 

J/(t) = 2(1-T)I + J]/3,,(r)n,, (4.84) 

N 

^(r) = J]f4,k(r)iEk, (4.85) 

N 

W(t) = J]f5,k(t)iEk, (4.86) 



k=l 



/u(t) = ^Qtha^^) _ 1 cosh[(l - 2T)tB,] - 2t(1 - T) , (4.87) 

sinh(tBk) 

/2,,(t) = 3?5,coth(?B,) + -^^cosh[(l-2T)?5,]-4, (4.88) 

smh{tBi,) 

= !!^Ml_^_a-2x,, (4.89, 

sinh(m;t) 

cosh[(l - 2T)tBi,] 

Ak(T) = -cotHtBk) + '\ (4.90) 

hkit) = ^(coth(?5,)--^V (4.91) 



= 0. 

t=0 



2\ ' tBt/ 

This parametrization is convenient because all functions fm,k(T) are analytic func 
tions of r at ? = and fm,k(T) 

Then we obtain 



N N 

aUmrEmyp] , (4.92) 



N N 

+ 

k=l m=l 
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where 



<Pki.t) = --^^dr [2/i,,(T) + T(l - T)/2,,(T) + 4(1 - r)/3,,(T)] , (4.93) 



1 

pUi) = j^'^ [/u(T)/2.m(T) + flAmA-r) + 4/3,;t(T)/3,.(T)] , (4.94) 



1 

0-km(t) = ^JdTf4,k(T)f4,,n{r). (4.95) 


4.3.4 Calculation of the Coefficient Functions 

The remaining coefficient functions (pk{t), Pkmit) and cTkmit) are analytic 
functions oft dXt = 0. Here we give the solution the integrals above which have the 
following general form 

1 

A{a, x) = JdT t" cosh[(l - 2t)x] , (4.96) 



and 

1 

B(a, x) = JdT t" sinh[(l - 2t)x] . (4.97) 



After a change of variables, it is not difficult to prove that for Re(a) > -1 we get 

A{a,x) = '-^^ + [e^ y{a,2y) + (-ir'e-^ y{a, -2y)] , (4.98) 

and 

B(a, X) = ^ + [e^ y{a, 2y) + {-Ife-^ y{a, -ly)] , (4.99) 

where y(a, x) is the lower incomplete gamma function. 
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Moreover, if the coefficient or is an integer, as in our case, we can write the 
formulas above as 



sinh(;c) a\ (Ix)' 
{IxY^^ ~1\ 



A{a,x) 



(4.100) 



and 



B(a, x) = - 



cosh(jc) a\ v-i (2x) 



2x (2xr+^ k\ 



rZ 



(4.101) 



A(2m,x) = 



For even a = 2m we have 

sinh(;c) (2m) ! 



2x (2x) 



^ ^i"hxj;-^+coshxj; 



i2x) 



2k+l 



^_-i(2k)\ i^(2/.+ l)! 



(4.102) 



cosh(x) (2m)! ) V(2^)'' v 

B(2m, X) = — 7 < cosh x > — rrr + sinh x > — — 

^ ^ 2x (2x)2'"+i I -fli (2A:)! (2yt + 1) 



— (2x)2^+i 



(4.103) 



For odd or = 2m + 1 we have 

sinh(;c) (2m +1)! 



A(2m +l,x) = 



2x (2;c)2'"+2 
cosh(jc) (2m + 1)! 



(2x)^' . , (2x)2^+i 



cosh X — TTT + sinh x 

(2x)2^ 



(2A:+ 1)! 



(4.104) 



cosnw ^zm+L)'. \ . {zxr ^-^ {2xf 

B(2m+\,x) = — — T — T-<{sinhx> — — — +coshjc> -— — . 

^ ^ 2x (2x)2'«+2 I {2k)\ Z-j{2k+\)\\ 

(4.105) 

From these last formulas we can compute (pk(t), Pkm(t) and CTkmit) by using 
following particular case of the above integrals 



1 

/ 



<iTCOsh[(l - 2t)x] = 



sinhjc 



J jTsinh[(l -2t)x] = 0, 





(4.106) 



(4.107) 
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By differentiating these integrals with respect to x we obtain all other integrals we 
need 

1 

/I sinh X 
t^TTCOsh[(l -2t)jc] = , (4.108) 
2 X 



1 



/Jt T^cosh[(l - 2r)jc] = ^ [- + ^ jsinhx - coshjc, (4. 



109) 





1 



/■ , ^ ^ -■ lcosh;c 1 sinh^ 
jTTSinh[(l-2T)x] = + (4.110) 
2 X 2 x^ 





We also have the integrals 



r, .r,i .r,i 1 [ sinh(x + y) sinh(x-y) 

I aTCOsh[(l - 1t)x\ cosh[(l - 2t)j] = -\ 1 

J 2y x-^y x-y 



(4.111) 

1 

J"jTCOsh[(l -2T)x]sinh[(l -2t)3;] = 0, (4.112) 





1 



^ i^Tsinh[(l - 2t)jc] sinh[(l - 2t)j] 





1 J sinh(.t + y) sinh(A" - y) 
2\ x + y x-y 



(4.113) 



By using these integrals we obtain 

1 . , . , 1 coth(?gO 1 coth(?B^) 
o-kmit) = — coth(f5^) coth(r5^) - — — — — — — 

iO iO IDm riJ^t 

^ 1 coth(?B J + coth(?B;^) ^ 1 coth(?B J - coth(?gfc) ^^^^ 
"^32 ?(5, + 5J "^32 t(Bk-BJ 
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-(tBk) coth(tBk) - (tB^) coth(tB^) - 3^ coth(tBk) 



Bk . Bm 



-3-^ coth(f5^) + 3 1 + I coih{tB„) coth(tBk) 
tB, 



— + — - 4 

Bk Bm 



Bm Bk 



Bm Bk ^ 

coihitBm) + coi\i{tBk) 



t(Bk + Bm) 

coth(tB,„) - coth(tBk) 



t(Bk - Bm) 



(4.116) 



4.3.5 Trace of the Heat Kernel Diagonal 

The trace of the heat kernel diagonal in the general case within the con- 
sidered approximation is given by 



tr C/'""S(^) ^ (4nt)-"'^Q>it) {1 + tBiit) + ■■■}, 



(4.117) 



where the function 0(0 was computed above and the coefficient B2 is given by 

B2(t) = - ^) ^ + 2 {^'"W5,k(t)iEfRM<^fi + nrnTR^^y] 

' ' k=l 

N N 

+ Z E [PkmrnT^AavIS - O-kmmTEAayp] ■ (4- 1 18) 



k=l m=l 



Let us specify it for the two cases of interest. 
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Scalar Fields 



For scalar fields we have 

^scalar - - ^ ^ ' 



(0 = U-^V (4.119) 
[J smh(tBk) 

/I \ ^ 

5r^"(0 = \^--^jR + YjV'k{t)KR,y (4.120) 

N N 



k=\ m=\ 



Spinor Fields 

For the spinor fields we obtain 



N 



0spmor(.^) = 2["/2]]~[r5fcCOth(?50, (4.121) 

k=l 

BT'it) = -^R + f]MmTR,y (4.122) 

k=l 

N N 

+ Z Z {Pkm(^^K^mRl^ayfi 



where 



ItanK/'fi^) ltanh(?5^) 
^fen(0 = c^fon(0 + ^ — 

-\ tanh(?5^) coth(?5^) - \ tanh(?5^) coth(?5^) . (4. 123) 

o o 
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4.3.6 Equal Magnetic Fields 

We will specify the obtained result for the case when all magnetic invari- 
ants are equal to each other, that is, 

Bi=-=Bm = B. (4.124) 

Scalar Fields 

For scalar fields it takes the form 
/ tR \^ 

^scalar^^^ = _ , (4.125) 



smh(tB) 



+pmTH^%ayp - crmTKXayfi , (4. 126) 



where 



N N 



< = j;nf, Zf = J^£f, (4.127) 

k=l k=l 

13 1 1 3coth(tB) 

13 coth(tB) 3 1 

24 8(<S)2 24 ' ' 16 tB 16sinh^(<S) 
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Spinor Fields 

For the spinor fields we obtain 

O^P'""(0 = 2^"'^^[tBcoth{tB)f , (4.131) 

+p{t)H';Hl''R,,yp - Am'l^xfR,,,/, , (4.132) 



where 



3 3 1 ltanh(?5) 3 coth(?5) 

*' = -T6^32^5;5?^n— -32— ■ 



4.3.7 Electric and Magnetic Fields 

Now we specify the above results for the pseudo-Euclidean case when 

there is one electric field and (A'^ - 1) equal magnetic fields. By using the recipe 
(14.551) we obtain the following results. 

Scalar Fields 

For scalar fields we have 

O^^^'-(0 = -J^l—^] , (4.134) 
sin(/'£) \sinh(?5)/ 

+p{t)H'^ H'^^ R^avji - o-{t)X'^''XfR^ayp , (4.1 35) 
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where 



N N 



K = y]K^ ^f = ZC' (4-136) 



k=2 k=2 



^(,) = 1 |_L_ 1 £eota£)4^^, (4.137) 

5 3 1 1 , 7 cot(tE) 1 1 

P(0 = -TT + o 7 — 7 + ^tEcoi{tE) - 



24 8a£)2 24 ' ' 16 f£ 16sin'a£)' 

(4.138) 

13 coi{tE) 3 1 
16 32 tE 2>2^m\tE) 

(^1 (0 = 77 cot(?£) coihitB) - — — — — — — 

16 16 tB 16 tE 

16 t(B^ + E^) ' ^ ^ 



^^^^^ = -U'-'(k^"'W^"'7^''''^'^^-^ 



-(tE) cot(tE) - (tB) coth(tB) 

E B I E B\ 

-3— coi(tE) + 3— coth(?fi) + 3 coth(?fi) cot(?£) 

f5 \B El 

5B^ — E'^ 5E^ — B^ 1 
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Spinor Fields 



For the spinor fields we obtain 



O'P'"''X0 = 2^"'^hEcot(tE)[tBcoth(tB)] 



N-l 



(4.142) 



1 



-—R - ifimTR^r + ^(O^fV +pmT^fR,ayfi 

+pmTH"2^R,ayfi - mXl"xfR^p , (4. 143) 



where 



A(t) 
Ai(0 



_^ 1 tan(rE) ^ 3 cot(r£:) 



16 32sm\tE) 4 tE 32 tE 

1 t..^7^ ^ 1 coth(?^) 

-cotaE)cothaB)- - 

_^ 1 B cot(tE) + E coth(?5) ^ 1 tanh(?5) 1 tan(?£) 



16 



8 tE 



8 f5 



tanh(?5) cot(tE) + ^ tan(?£') coth(?5) . 
8 8 



(4.144) 



(4.145) 



4.4 Imaginary Part of the Effective Lagrangian 

Now, we can compute the imaginary part of the effective Lagrangian in 
the same approximation taking into account linear terms in the curvature. The ef- 
fective action is given by the integral over t of the trace of the heat kernel diagonal. 
Of course, it should be properly regularized as discussed above. The most important 
point we want to make is that in the presence of the electric field the heat kernel is 
no longer a nice analytic function of t but it becomes a meromorphic function of t 
in the complex plane of t with poles on the real axis determined by the trigonomet- 
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ric functions in the coefficient functions computed above. As was pointed out first 
by Schwinger these poles should be carefully avoided by deforming the contour of 
integration which leads to an imaginary part of the effective action determined by 
the contribution of the residues of the poles. This imaginary part is always finite and 
does not depend on the regularization. We compute below the imaginary part of the 
effective Lagrangian for the scalar and the spinor fields. 

The trace of the heat kernel, tr U^^^^(t), was computed above and is given 
by (|4.1 171) . Now, by using (14.201) the calculation of the imaginary part of the ef- 
fective Lagrangian is reduced to the calculation of the residues of the functions 
r"'^~^e~""'^(t) and r"'^e~""^(i>(t)B2(t) at the poles on the real line. By using the 
result (14.1341) and (|4.142l) for the function O it is not difficult to see that the function 
r"^^^'e~"""O(0 is a meromorphic function with isolated simple poles at tk = kn/E 

with k = 1,2 The function t~"'^e~""^^it)B2{t) is also a meromorphic function 

with the same poles but the poles could be double or even triple. The imaginary part 
is, then, simply evaluated by summing the residues of the integrand at the poles. It 
has the following form 



ImX = n{Anr"'^E"I^GQ{x,y) + n{AnT"I^E"l^-^ 



Gi(x,y)R 



+ Gsix, y)E^,"EfR^,„p + Ge{x, y)H/mfR^,,p 



+ Giix, y)X2^"EfR,,yf, + G,(x, y)H2>''' H2"%ay/, 

+ G,(x,y)X2''"X2''''R,ay/s\, 



(4.146) 



where 



B 
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and Gi(x,y) are some functions computed below. 



4.4.1 Scalar Fields 



At this point it is useful to introduce some auxiliary functions so that the 
final result for the quantities G^^^^^(x, y) can be written in a somewhat compact form, 
namely 

N-l 



fk(x,y) 



knx 



exp(-/c;ry) , 



sinh (knx) 

gk(x,y) = (N - l)(knx) coth(^7rjc) + kny , 

hk(x,y) = ^N(N -l)(knxfcoth\knx) + {^'^-N^kny 

+ ^(N - l)[(n - 2N) + 2kny]iknx) cothiknx) 



+ ^(kn)hl-(N-l)x'+f], 



hix, y) = -knx + 



- ^) + kny 



(4.148) 
(4.149) 



(4.150) 

coth(^;TJc) + A^(^;rjc) coth^(to) , (4.151) 



^i,k(x,y) = - + 



1 n-2N 3 /n \ 
S^^S~~S(kn^\2~ ) 



+i(l --^\gk(x,y) 



^2,k(x,y) = --- 



24 \^ (kn)^ 
1 n-2N 



(4.152) 



32(WV2 A2 / 



6 48 32(A:;r) 



24 \ 2(kny 



16 (kn)^ 



(4.153) 



^3,k(x,y) = 77 



16 64(kn)^ \2 
3 



32(kn) 



—j\hk(x,y) + gk(x,y)] , 
nY L J 



(4.154) 
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1 n-2N 3 
+ 



8 48 8(k7Ty\ x^j 8\x 



lk(x,y) 
kn 



+ 



1 



1 coth(knx) 
8 knx 

1 



- 3 ()t;rx)2 



+ 1 



- - 1 



8(yt;r)2 LV2 
1 coth(/::;r;c) / 



3x^-1 
x\x^ + 1) 

- ^8k(x,y) , 



1 



(4.155) 



1 hix,y) 

x(x^ + l) 8 (yt;r) 



(4.156) 



8 knx \x^ + 1^ 

By using these quantities we obtain the functions Gf^^^(x,y) in the form 
of the following series 

G-^-(x,y) = Y,\j^Ux,y), (4.157) 
Gr-(.,,) = (--^jj]^^/,(.,3;), (4.158) 



Gr^"(x,3;) 



k=l 



Gr^(x,y) = Y,^;;^Jk{x,y)<p{knx) 



k-i (^^)" 
(-1)'"^ 



Gr-(^,j) = 2(^^/.(^>j)f^2,(^,j)> 
Gr^-(x,y) = ^(b)kr/^(^'3')^3,.(x,y). 



(4.160) 



(4.161) 



(4.162) 



(4.163) 
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Gr'^(x,y) = }] ^',2-i Mx,y)^5,k(x,y), (4.164) 

k=l 

Gr''\x,y) = J]jj-^fkix,y)p(knx), (4.165) 

k=l 

G'^^^(x,y) = J^l-±^Mx,yM (4.166) 

k=l 

4.4.2 Spinor Fields 

Exactly as we did in the previous section, we introduce, now, some auxil- 
iary functions that will be useful in the presentation of the final result, namely 

fs,k(x,y) = Uknx) coth(knx)\ exp(-A;;ry) , (4.167) 

8s,k(^, y) = - l)(knx) coth(A:7r;c) - (A' - l)(knx) tanh(A:;r;c) + kjry , (4. 168) 

hs,k(x,y) = ^(kKyf-(N-l)\knxf + {^'^-Ny7ry (4.169) 

+ ^(N -l)(n-2N + Ikny) {knx)^ coth(^:7rx) - tanh(A:;rjc)] 

1 1 
+ -N{N - Vjiknxf coth^(A:7rx) + -{N - \){N - 2){knxf tanh^(A:7rx) , 

h,k{x, y) = -Nknx + {^-N + kTry^ coth(^;rjc) + N{knx) coth^(^;rx) , (4. 170) 

Ps,k{x, y) = (N - 2)knx + - AT + kjiy^ tanh(A;;rx) - (A^ - 2){knx) tanh^(A:;rx) , 



(4.171) 



MAx,y) = r^-8(^(2-^-^')^24i^-(^)^^-^^^^^^ 



(4.172) 
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1 n-lN 



+ 



24"- 



48 32{k. 
21 



2{knY 
3 



knf\2 )\2 ) 

1 hs,kix,y) 



16 (A:7r)2 ' 



32(k7T)- 



:[8sjc(x,y) + hs,k(x,y)\ , 



(4.173) 



(4.174) 



^4,k(x,y) = -o - 



+ 



A5,ife(x,3;) = 



I _n-2N 3 
8 48~ 8(A:7r)2 



x2 8 U ^TT 



8(/t;z-) 

1 coth(fc7rx) 
8 knx 



x'^ -3 (knx)^ 



x^ + 1 



- ^8sAx,y) , 



(4.175) 



1 ls,k(x,y) 



:^7j-T^{7:-N+l+gs,k(x,y)]—-4—7^ 
8(K:;r)'^ \2 / x{x'^ + 1) 8 fc;r 

1 C0th(fc7rx) / X^ \ 1 r , , , 



By using the above functions we can write the explicit expression for the 
quantities Gf^^°\x, y) 



Gr\^,y) 
Gr''\x,y) 



Gr"\x,y) 



CO - 

2[f] y ^_ 



fs,k(x,y) , 



00 ^ 



(4.177) 



(4.178) 



(4.179) 
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Gr°\x,y) = 2ii^J]—^fs,k{x,yMknx), (4.180) 

CO ^ 

Gr°\x,y) = 2^i^Yj-^j-^fs,k{x,y)A2,kix,y) , (4.181) 

CO ^ 

Gr°\x,y) = 2^i] _J sMy)Hk{x,y) , (4.182) 

CO ^ 

G'r\x,y) = ^k7rr2-i fs,k(X'y^^>k(x,y) , (4.183) 

CO ^ 

Gr''\x,y) = 2[^] ^ _^ fs,k(x,y)A5,k(x,y) , (4.184) 



n^(^7r) 

oo ^ 

G^p'"°Uj) = 2[i] V ^ /5.,(^,3;)p(fc7r;c), (4.185) 

oo ^ 

Gr"\x,y) = -2\-i^ Yj ^kj,Yi2-J s,k{x,y)A(knx) . (4.186) 

Notice that because of the infrared cutoff factor e~^"^ the functions Gi{x,y) 
are exponentially small for massive fields in weak electric fields when the parameter 
is large, y » 1 (that is, » E), independently on x. In this case, all these 
functions are approximated by just the first term of the series corresponding to ^ = 1. 

4.5 Strong Electric Field in Four Dimensions 

The formulas obtained in the previous section are very general and are 
valid in any dimensions. In this section we will present some particular cases of 
major interest. 
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4.5.1 Four Dimensions 



In this section we will consider the physical case when n = 4. Obviously in 
four dimensions we only have two invariants, and, therefore, N = 2. The imaginary 
part of the effective Lagrangian reads now 

ImX = 7T(47Ty^E^Go(x,y) + 7T(47ry^E Gi(x,y)R 

+ G2ix, yn'l'R^y + G,(x, yWR^y + G,(x, >')nf nf 

+ Gs(x, y)E>;"EfR,,,/, + Ge(x, yWUfR^,,,, 

+ Gj(x, y)ErE\%^is + G8(x, y)nrn2"%^p 

+ G<,{x,y)E2^"E2'l'R,„,^. (4.187) 

For scalar fields in four dimensions the functions Gf^^{x,y) take the form 

p-kny 



Gt'''^{x,y) = -V 



^ k sinh(^;rx) 



\" / fr^ sinh(fc;rx) 



(4.188) 



(4.189) 



G-^-(x,3;) = -xY ■ , \-- -— ^irM^-A\y'^ xcoth(^;rx)] , 

smh(Ac;rjc) [8 4{kny 14\ kn) J 

(4.190) 



G-^-(x,3;) = 



^""y f 1 3 1 1 



- + -- 



^ sinh(to) 1^6 ^(knxf 24 



- —knx coth(k7rx) - - 



3 coth(^7rx) 



8 knx 

(4.191) 
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Q-kny 



13 
- — + 



13 



y 

- — + + 



-l^uMknx)y 96 \6{kny 32 32 \16(A:7r) 24 



16 I6kn 24r^°*^^^^^-'T6'^°*^^^^^ ' 



a: 



^vahiknx) 



+ 



3;c2 3);2 



64 32(fc;r)2 64 64 32fc;r 



y 



(4.192) 



^ + ^ j coth(^;rx) - coih\knx)^ , (4. 193) 



1 X sii 



~kny 



+ 



3x2 



+ ^(^ - 1) 



x2 + 1 sinh(fc7rjc) [ 4 2(/:;rjc)2 4(yt7r)2 8 
kn 1/1 \ 1 



,-kny ( Y 



Akn 



co\h{knx) \ , 



^ oo 



^ sinh(;t;rjc) [8(yt;r)2 8 



+ — (x^ + 1) + 



8;t;r 



3;(1 + _ !(!_/) 



-x^(x^ + 1) coth^(^;rx) J> , 



coth(^7rx) 



(4.194) 



(4.195) 



X 



-kny 



3 1 



^^5^ smh{knx) \ 48 8 (A:;rx)2 16 
7 



1 2 

- — coth {knx) 



kn 

+ I X H 

\24 16A:;rx 



coth(^;rx) 



(4.196) 



3'^"^ f 1 3 3 2 

X y — < coth(A:7rx) + — coth (knx) 

-l^mh{knx)\ 32 31knx ^ ^ 32 ^ ^ 



(4.197) 
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For spinor fields in four dimensions the functions G^^'"'"^(x, y) take the form 
Gf''°\x,y) = ^Yjj-coth{knx)e-'"y , (4.198) 

CO 

G'r\x,y) = j;coth(^;rx>-^'^, (4.199) 

k=i 



Gr°\x,y) = -4xycoth(^;rx)^-^(i--|-5 

^ (^^ ~ I~) ^ coth(A:7r;c) - x tanh(A;;r;c)]| , (4.200) 

°° f 1 3 1 1 

Gf^°\x,y) = 4x y coth(A:7rx)e-*'^^^ - + - —knx cothiknx) 

^ j—^ yb ?,{knxy 24 



3 coth(A:7rx) 
8 knx 



(4.201) 



°° ( ^ ^^ 22 

Gru.) = 4.g»).-|--.^-^.^ 



y /,._ 21 \ , 



X /, 21 3); 
— xkn 



24 \ 2A:7r 



y j [ coth(A:7rx) - tanh(A:7rx)] | , (4.202) 



3x2 
^ + — 
2 32 



3/ 3y 3x2 

coth2(A:;rx) 

64 32(yt7r) 32 ^ ^ 

coth(A:;rx) - tanh(A:7rx)l I , (4.203) 
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k=l ^ 



3 3 
8 4(knf 

y L 3 



X 



3x2; 



+ 



+ 



1 



1 



knx 



+ + — \kn 

Sknx 24 24 \ kn 



coth(^;rx) 
taiih(^;rx) 



- ^(x"^ -l)coth\knx) 



+ 



y X 



Skn 4 



—(x^ + I) coth^ (knx) 



X 

+ - 
8 



X 

* 8 



-i-(l-:t2)-Kl+^) 



-^(1 + 2jc^) + 2y(l + x^) 
kn 



coth(^;rx) 
tanh(^7rx) 



(4.204) 



(4.205) 



f 7 3 
4x y coth(knx)e-'^y{ - — 
it 1 48 8 



7 coth(^7rx) 1 ,2/7 M 
^16^;^^^ Y^coth(/c;^.)^ 



(4.206) 



Gr°^(x,y) = 



-AxY^co\h{knx)e-^'^ 

3 coth(A:7rx) 
32 knx 



— + — coth^iknx) + - — 

32 32 4 knx 



(4.207) 
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4.5.2 Supercritical Electric Field 

As we already mentioned above, the functions Gi(x,y) are exponentially 
small for massive fields in weak electric fields for large y = irp-/E, as y —> oo. 
Now we are considering the opposite case of light (or massless) fields in strong 
(supercritical) electric fields, when _y — > with a fixed x. This corresponds to the 
regime 

«B,E. (4.208) 

Scalar Fields 

The infrared (massless) limit for scalar fields is regular — there are no in- 
frared divergences. This is due to the presence of the hyperbolic sine sinh(A:7rx) in 
the denominator, which gives a cut-ofF for large k in the series, and therefore, assures 
its convergence. The result for the massless limit in the scalar case can be simply 
obtained by setting y = in the above formulas for the functions Gi(x,y). 

Spinor Fields 

The spinor case is quite diff'erent. The presence of the hyperbolic cotan- 
gent coth(^;rx) does not provide a cut-ofF for the convergence of the series as A: ^ oo. 
This leads, in the spinor case in four dimensions, to the presence of infrared diver- 
gences asy = rn^/E 0. By carefully studying the behavior of the series as ^ oo 
for a finite y and then letting y —> we compute the asymptotic expansion of the 
functions Gf^'^°\x,y) asy —> 0. 
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We obtain 



G'r\x,y) 



G'r\x,y) 
GT°'(x,y) 



Gr"(x,3;) 
GT°\x,y) 

Gr°\x,y) 



2a: , 
- + 0(y), 

2 X 3x , 



I x^ 2 X 3 , , , 
-- — - + - — + — log(;ry) + 
on y^ in y 2n 



x\nx - 24) + 18 
72^c 



5 ^ Ix , 
3 X 5x ^, ^ 
x^ -\ x^ ^ 2 X 



x^-3 



log(7ry) 



6n(x^ + \)y^ 3ny 2n(x^ + I) 

6n(9x^ + 3x^ - 4) - 36x(x^ - 1) + 7r^;c^(;c^ - 1) 
12nx(x^ + 1) 

;c(;c^ + 2) , , , 6x(;c2 + 1) + tt , 

log(7ry) + . ' , . ' , + 0(y) , 

I2n(x- + 1) 

x\nx - 30) + 18 



2n(x^ + 1) 

J_f! _ i_f _ ^iog(;ry)- 
6n y'^ 6n y An 



(4.209) 
(4.210) 
(4.211) 

+ 0{y), 

(4.212) 
(4.213) 

(4.214) 

(4.215) 

+ 0{y), 

(4.216) 



12x 



+ 0{y). 



3x5, 3x 
__ + _log(;.3;)-_ + OCy) 



(4.217) 
(4.218) 



Thus, we clearly see the infrared divergences of order x^ ly^ = B^/m^, 
x/y = B/rri^ and logj = \og(nf-/E). 
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4.5.3 Pure Electric Field 

We analyze now the case of pure electric field without a magnetic field, 
that is, 5 = 0, which corresponds to the limit x —> with fixed y. This corresponds 
to the physical regime when 

B«m^,E. (4.219) 

In this discussion we present the results in arbitrary dimension first and then we 
specialize them to the physical dimension n = 4. 

Scalar Fields 

We now evaluate the functions G,(x, y) for x = and a finite y. In this 
limit we are presented with series of the following general form 

xT'^'-iy) = Z ■ (4.220) 

This series can be expressed in terms of the polylogarithmic function defined by 

t 



k=l 

SO that, we have 

X^'^^iy) = -Lu^i-e-^y) . (4.222) 
It is not difficult to notice that the limit as ;c ^ of the functions Gf^'^, 

(^scalar^ (^scalar^ (^scalar (^scalar ^^^j^ identically, that is, 

G^'^^^(0, y) = G'^'^'^iO, y) = G^^'^^'iO, y) = G^'^^'^(0, y) = G'^'^'^iO, y) = . (4.223) 
The explicit expression for the remaining non-vanishing G'?'^^'"'^ for pure electric field 
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in n dimensions is 

G'^'^^(0,y) = -7T-"'^Un(-e-'^) , (4.224) 

Gr^(0,y) = -(i-^)^Li._i(-.-'^), (4.225) 

- ISnyUni-e-'^) - 9(n + 2)Li.+i(-e-'^)} , (4.226) 

Gl'^^(0,y) = 334^1 " l67r'yUn_2(-e-''y) - An'iln + 9- 3/)Li^_i(-e-'^^) 
+ 12(n + l2)nyUn(-e-'^) + 3(n + 2)(n + 24)Li|+i(-e-'^^)| , (4.227) 

Gr-'iO^y) = :^^^{4n\l-3y%in.,(-e-^^ 

- 3n(n + 2)Li|+i(-e-'^>')| . (4.228) 

In the physical case of n = 4 some of the polylogarithmic functions can 
be expressed in terms of elementary functions. In this case we have 

G^=^^(0,3;) = -\u2(-e-'^), (4.229) 



1 \ 1 



GmO,y) = -\^--^j-ln(l+e-'^), (4.230) 
+ 187r);Li2(-e-'^^) + 54Li3(-e"'^>)|, (4.231) 
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1 1 




3 8471-3 1 


[ 1 + e-'^y 



^r'm,) = _|ir_:il_+4;r^(17-3/)ln(l+e--) 

+ mnyUii-e""^') + 504Li3(-e-'^o| , (4.232) 

Gr'"(0,j) = -^^{4;r2(l-3/)ln(l+e-^>) + 48;r3;Li2(-e-^-^) 

+ nU^i-e'"^')^ . (4.233) 

We study now the behavior of these functions as j ^ 0, which corresponds 
to the limit 

5 = 0, «E. (4.234) 

By taking the limit as y ^ of the expression (|4.222l) and by noticing that 

Li„(-l) = -(l-2i-")^(n) , (4.235) 

where ^(x) denotes the Riemann zeta function, we obtain 

G-i-(0,0) = ^— -^^(-J . (4.236) 



Next, by taking the limit as _y ^ and by using the formula (14.2351 ), it is not difficult 
to obtain 

G^'^^O, 0) = - - ^n'~"l^{l - - l) , (4.237) 



^r'mO) = -^^{-(n + 4);r^(l-2^-"/^)^(^-l) 



+ 9(n + 2)(l-2-«/2)^(^ + l)[, (4.238) 
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3in + 2)(n + 24)(1 - 2-"/2)^(^ + 1 ) ^ , (4.239) 



^r'mO) = ^^^-^|-4;r^(l-2™)^^--l^ 

+ 3nin + 2)(1 - l-^'^X^^ + ijj . (4.240) 

We consider, at this point, the physical case of four dimensions. By setting 
R = 4 in (|4.236l) we obtain 

Gr'mO) = ^. (4.241) 
Now, we notice the following relation 

(l-2^-"/^)^(^-l) = ;7(^-l), (4.242) 

where t](x) is the Dirichlet eta function. In the particular case of four dimensions we 
have that 

lim(l - 2^-"'^)d^ - l) = TiiD = ln2 . (4.243) 

By using the last remark we obtain the values of the functions Gi(n,y) in four di- 
mensions 

(^scaiar(QQ) = -|i-^jiln2, (4.244) 

G-^'-(0,0) = Iln2--^Z:(3), (4.245) 
on 32n^ 

^r^0,0) = ^ln2-^^(3), (4.246) 

Cr^iO^O) = -J-ln2 + ^^(3). (4.247) 
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Spinor Fields 

For spinor fields the expressions for the non- vanishing Gf^^°^ in the limit 

X ^ are 

Gf"°'"(0,3;) = 2^"'^^7r-"'^Un/2(e-'^) , (4.248) 

2[n/2] 1 

Gr\0,y) = -__Li._i(.--), (4.249) 

- ISnyUnie-"^) - 9(n + 2)Li«^i(e-'^)} , (4.250) 

Gr"\0,y) = ^^^^|-167r3);Li«_2(e-'^0-4;r2(2n + 12-3/)Li|_i(^^-^^) 
+ 12(n + \T)nyUn{e-'^) + 3(n + 2){n + 24)Li|+i(e-'^)| , (4.251) 

Gf"(0,3;) = -^'"" \J^ni2.x [^n\A+y^)Un.r{e-^) + 4nnyUn(e-'^) 

+ n(n + 2)Li«+i(e-'^^)| . (4.252) 

In the particular case of n = 4 the above results read 

Gr"\0,y) = ^U2(e-'^), (4.253) 
Gf^°\0,y) = lin(l-e-'^), (4.254) 

(0,);) = -TTTT r - Stt^ ln(l - g-^^) 

- 187ryLi2(e-'^) - 54Li3(e-'^)| , (4.255) 
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G— (0,,) = -^{1^^!^ -4.^(20- 3/) In(l-e-) 

- l92nyU2(e-''^') - 504U3(e-''^')^ , (4.256) 

Gr°^(0, y) = y|^{^'(4 + y') ln(l - e"'^-^) - 4;ryLi2(e-'^^) - 6Li3(e-^>)} . 

(4.257) 

In the case of spinor fields, for n > 4, there is a well defined limit as j ^ 0. 
In fact, by taking the massless limit, y ^ 0, of the expression (14.2481) and noticing 
that 

Li„(l) = an) , (4.258) 

we obtain 

G— (0,0) = ^^(^) . (4.259) 

Analogously, in the limit as y ^ the result for the remaining g^p'"""" can be written 
as follows 

(0,0) = -f^;ri-"/2^(^-l) , (4.260) 
^r°^(0'0) = -4Si^{(" + 4).V(^-l)-9(. + 2)^(^ + l)}, 

(4.261) 

^r>'0) = +12)^(^-1) 

+3(n + 2)(n + 24)^(^ + l)}, (4.262) 

Gr>,0) = -2f"/^^^^{l6.^^(^-l) + .(. + 2)^(^ + 1)}. 

(4.263) 
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We turn our attention, now, to the physical case of n = 4. From the ex- 
pression in (14.2591 ) we obtain the following result 

G"^^"\0,0) = ^ . (4.264) 

It is evident, from the expressions in (I4.254I) - (I4.257I) . that the functions 
Gf^^°\0,y) in four dimensions represent a special case since there is an infrared 
divergence as m ^ (or y ^ 0). This means that there is no well-defined value 
for the massless limit j 0. Instead, we find a logarithmic divergence, \og(ny). In 
order to analyze this case we set « = 4 from the beginning in the expressions for 
finite y, and then we examine the asymptotics as y ^ 0. By using the equations 
(I4.254D - (I4.257D we obtain 

Gf''"\0,y) = ^\oginy) + 0(y), (4.265) 

Gf">,3;) = ^\og(7ry)-^ + :^a^) + 0(y), (4.266) 

Gr°\0,y) = ^loginy)--^ + ^a^) + 0(y), (4.267) 
on on An^ 

Gr°"'(0,y) = l^\og{ny) + -^^m + 0(y). (4.268) 

Notice that, in four dimensions the functions G^^^'^°\x,y) are singular at 
the point x = y = 0.\n particular, the limits x ^ and y ^ are not commutative, 
that is, the limits as x ^ of the eqs. (I4.209I) - (I4.218I) (obtained as j ^ for a finite 
x) are different from the eqs. (|4.265l )- (|4.268l ) (obtained as y ^ for .x: = 0). 
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4.6 Concluding Remarks 

In this chapter we have continued the study of the heat kernel and the 
effective action for complex (scalar and spinor) quantum fields in a strong constant 
electromagnetic field and a gravitational field initiated in [|27]| . We study here an 
essentially non-perturbative regime when the electromagnetic field is so strong that 
one has to take into account all its orders. In this situation the standard asymptotic 
expansion of the heat kernel does not apply since the electromagnetic field cannot 
be treated as a perturbation. In [271 we established the existence of a new non- 
perturbative asymptotic expansion of the heat kernel and computed explicitly the 
first three coefficients of this expansion. 

We computed the first two coefficients (of zero and the first order in the 
Riemann curvature) explicitly in n-dimensions by using the spectral decomposition 
of the electromagnetic field tensor. We applied this result for the calculation of the 
effective action in the physical pseudo-Euclidean (Lorentzian) case and computed 
explicitly the imaginary part of the effective action both in the general case and in 
the cases of physical interest. We also computed the asymptotics of the obtained 
results for supercritical electric fields. 

We have discovered a new infrared divergence in the imaginary part of the 
effective action for massless spinor fields in four dimensions (or supercritical electric 
field), which is induced purely by the gravitational corrections. This means phys- 
ically that the creation of massless spinor particles (or massive particles in super- 
critical electric field) is magnified substantially by the presence of the gravitational 
field. Further analysis shows that a similar effect occurs for any massless fields (also 
scalar fields) in the second order in the Riemann curvature. This effect could have 
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important consequences for theories with spontaneous symmetry breakdown when 
the mass of charged particles is generated by a Higgs field. Such theories would 
exhibit a significant amount of created particles (in the massless limit an infinite 
amount) at the phase transition point when the symmetry is restored and the massive 
charged particles become massless. That is why this seems to be an interesting new 
physical effect that deserves further investigation. 



CHAPTER 5 



NONCOMMUTATIVE EINSTEIN EQUATIONS IN MATRIX 

GENERAL RELATIVITY^ 

Abstract 

We study a non-commutative deformation of General Relativity where the 
gravitational field is described by a matrix-valued symmetric two-tensor field. The 
equations of motion are derived in the framework of this new theory by varying a 
diffeomorphisms and gauge invariant action constructed by using a matrix-valued 
scalar curvature. Interestingly the genuine non-commutative part of the dynamical 
equations is described only in terms of a particular tensor density that vanishes iden- 
tically in the commutative limit. A non-commutative generalization of the energy- 
momentum tensor for the matter field is studied as well. 

5.1 Introduction 

The purpose of this chapter is to derive the equations of motion for the 
field a^'^ that generalizes the role played by g'^'^ in the general theory of relativity. 
Since this model is a non-commutative extension of Einstein's General Relativity 
we will call the corresponding equations of motions non-commutative Einstein's 



^The material in this chapter has been published in Classical and Quantum Gravity: G. Fucci and 
I. G. Avramidi, Noncommutative Einstein Equations, Class. Quant. Grav. 25 (2008) 025005 
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equations. 

5.2 Variation of the Action 

The action functional for Matrix Gravity has been introduced in (12.1821 ) 
By varying the action functional, (12.1821 ). we can derive the equations of motion 
for the field a^^, which is the main goal and the main result of the present chapter. 
These equations will be matrix- valued and they will constitute a generalization of the 
ordinary Einstein's equations that we will call non-commutative Einstein equations. 
In order to find the dynamics of the model we vary the action (12.1821 ) with respect 
to the field a^" considered as independent variable, namely 

a^- + sd"- . 

By doing so we obtain, for the variation of the action, the following 

1 r 1 

5S = Sia^" + da''") -Sia''") = dx-Tr vi^uySa'"'') , (5.1) 

IbnG Jm N 

where is some matrix valued symmetric tensor density. Then, of course, the 
desired equations of motion are 

^,y = 0. (5.2) 

It is important to notice that the matrix-valued tensor density (15.21 ) has to coincide 
with the Einstein tensor in the commutative limit, more precisely we need that, in 
the commutative limit, the following relation holds 

^Tr^^,= V^|i?^,-ig^,i?j . (5.3) 

Our main task, then, is to find the explicit form of the equations of motion 
that result from the variation of the action (12.1821) . In all the calculations that will 
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follow the order of the terms is important, unless explicitly stated, due to the matrix 
nature of them. 

First of all, we rewrite the action in a more explicit form which is more 
suitable for the subsequent variation, namely 



1 r 1 

S mgr(«) = TT"^ ^^77^1" ' 
\6nG Jm N 



(5.4) 



By varying the terms in (15.41) with respect to the independent field a'^^, and by using 
the cyclic property of the trace we get 



1 r 1 
SS mgr(«) = TTT^ "^77 Tr , 



5pn + h,%^,,p\5a>'^ + )^{p,an5%. 



(5.5) 



where the curly brackets { , } denote anti-commutation, namely {A, 5} = AB + BA. 

From the expressions (12.1781) and (12.1791) , we can evaluate the variation of 
the matrix-valued Ricci tensor, more precisely we have 



- 5s^%y£^\a-£^"Av5s^\a. (5.6) 



From now on, for simplicity of notation, we set 



B^'' = {p,an. 



(5.7) 



By substituting (15. 6h in (15.51) . and by using the cyclic property of the trace we obtain 

1 



5S mgr(«) 



1 r 1 

-— dx—Tx , 
Jm N 



\6nG 
1 
2 



dpK + ^{K,,,p}6a>'' + ^-B^'d,{6s^%;) + 



1 



(5.8) 
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By integrating by parts and by collecting similar terms we get 



. (5.9) 



We can rewrite the last expression in a more compact form, namely 

(5.10) 



1 r 1 

dSyiGKia) = TT— Jjc— Tri 
l6nG Jm N 



where the matrix- valued tensor densities C^^a and ly have the explicit expression 

C^^„ = {a^\p,^ - ps^\,,} - p[a^\ s^\,] - \p, s^^^d'" + 

- {p, W^a.d''^} - a^'W^^^p^ + 2{p,a^'W\,,,^ , (5.11) 

and 

IT = {a>'\p,y - ^^pp} - [p, ^%Aa'' - [p, s^%p\a''' . (5.12) 

It is worth noticing that in the commutative limit, or, in other words, when all the 
matrices commute, the tensor densities C^^a and are identically zero, and the 
variation of the action (55mgr simply reduces to the standard result of the general 
theory of relativity. 

We can write, now, the variation of the connection coefficients. By using 
the expression (12.1771) . and by noticing that 

6bf,y = -b^p{6aP"')ba-y , 

we obtain the following 



- -b.^da'^^dya^bp, - -b,^5a''\dyanbp, + -bAaa^^dyda^bp, + 

- \:b;ura'^{dy6a''")bpp-\b,^a''\dy6anbp^. (5.13) 
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Once we have the explicit expression for the variation of the connection coefficients, 
we can evaluate the last two terms that appear in the variation of the action (15.101) . 
We start with the first of the two 



1 

2 JM 

1 



dx Tr 1 



1 



+ h,dyanbpyC''\b,M''y - ^-bp,C^\b,^a''y{dy5an + 



1 



1 



+ -bp,C''\b,^aP\dy6a"'') + -bp^C^^b.^a'^^dySan 



(5.14) 



where in this last expression we used the cyclic property of the trace. 

We introduce the following definition, which will be useful in order to 
simplify the notation, 

Fpap = b/syC''\,b^p . (5.15) 
By using the above definition, the expression in (15.141 ) can be rewritten as follows 



- \ [ dxTrv(C^\ 
^ Jm 



- 5/' 

^ Jm 



dx Tr 1 



1 



1 



1 



- -{dya''P)Fpaa5a"^ + -{dya"'')F p^^Sa^^ + -idya"P)F p^^Sa"^ + 



1 



1 



2 
1 



- -Fpc^^a^^dySaP") + -Fp^^aP^idySa"") + -Fp^^d'^idySaP") 



, (5.16) 



where the first two terms in the last expression has been derived by using the relation 



£^%vC^\b,a5a^ = £/%ya^PbpyC>'\b,^6a'^ = £^%ya''Fp,;^5a"^ . (5.17) 
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By integrating by parts and by relabeling dummy indices we find the final expression 
for (15.161) . namely 



-u- 

^ Jm 



fIV 



- U' 

^ Jm 



dx Tr 1 



F/japa 



+ 



P pAcr P Acrp P crpA 1^ ^ 



l^a^^. (5.18) 



For the last term in the variation of the action (15.101) . we use similar argu- 
ments which lead us to the expression (I5.18|) . In this case we introduce the following 
definition: 

Gpap = bp,irb,p. (5.19) 
By using the definition above and the cyclic property of the trace we obtain 

\ r JxTry(DWV) = 



- 5/' 

^ Jm 



dx Tr 1 



+ 



- -Gp„^a"\dy5an + -Gp^^d'^d.da"'') + -Gp^^d'^dydoF") 



By integrating by parts and relabeling dummy indices we get 

]- \ J;c Tr v(Zy5^/%) = -\ \ dxTxyW" iipa^Gy„A + G^aya 
2 Jm 2 Jm L 

- \{dpan[GpA. - G,^p - G^p^6a'^ + 

I GpXa- - Gxa-p - GcrpA^a'^^ | 



. (5.20) 



pA 



+ 



(5.21) 



It is worth noticing that in the above expressions, (15.181 ) and (15.211 ). the 
tensor densities F and G always appear in the same combination. This observation 
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justifies the following definitions 



^pAcr — FpAcr P Acrp FtrpA 



(5.22) 



and 

YpAa- = GpAa- ~ G^o-p — Ga-pA ■ (5.23) 

By using the two definitions above we can rewrite the arguments of the traces in 
(15.181 ) and in (15.211) respectively as 



+ -dy{X,ppaP^) 



(5.24) 



and 



1 



+ ifyiYAppa'^) 



(5.25) 



By combining the results (15.241 ) and (15.251 ) we obtain the expression for the last two 
terms in the variation of the action, namely 



+ 



+(i^/?.r - Gfi,y)d'P£^%y + -(dpaniYp,^ - Xp,^) + 



(Yap/) - Xxpi})al 



(5.26) 



5.3 Noncommutative Einstein Equations 

With the expression (15.261) for the last two terms in (15.101) . the variation 
of the action has the form (15.11) which is suitable for the derivation of the dynamical 
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equations of the model. Before writing the complete dynamical equations, we will 
simplify further the expression (|5.26h . 

The definition (15.221) gives a linear relation between the matrix- valued ten- 
sor density X and a particular combination of matrix-valued tensor density F, a 
similar linear relation between Y and G is given in (15.231 ). By using simple tensor 
algebra, it can be easily shown that those relations can be inverted, namely we can 
write 

FpAo- = -^(■^■io-p + Xo-pA) , (5.27) 



and 



GpAcr - -:^{YAcrp — Y(TpA) ■ (5.28) 



By substituting the equations (15.271) and (15.281) in the expression (|5.26l) we obtain 
the following 

- ]^C^\6£/%, + ^ir6£/%a = -^£^"lipd^\{Y„Ay ' ^aAy) + (J Ay a ' ^Aya)\ + 
+ [(i^Q-yi - '^ayA) + ^yjia — '^yPa)\(^^^ pA + 

+ {dpa^YpAa - - ^r[(^^P/? - ^ip/3)a^'']}<5«'^ • (5.29) 

We can see, in the last formula, that the tensor densities X and Y enter 
always in the same combination. It is useful, therefore, to define the following 
tensor density 

Hfivp ~ ^t^yp ^fivp • (5.30) 
With this last definition we can rewrite (15.291 ) as 



'%paPm,Ay + .^^paP^HAya + 



+H^ypaP^^%A + H,p,aP^s^%A + {d^anHpAa - dy{HAppa^) 



6a^ . (5.31) 
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By using the compatibility condition of the metric tensor a^'' with the connection 
coefficients s^"^v, we can write that 

dpaP'' = -s^Pypa"" - s^^ypaP^ , (5.32) 

moreover we obtain that 

- dy(H,,f,af^) = -{dyH,pp)af^ + H,ppS^P^X' + H^ppS^y^^f . (5.33) 
Since H^yp is a tensor density, we can write 

i^yHxpp = dyHxpp — -S/" AyHapp — pyHxafS — -S^^PyHxpa — ^"yaHxpp . (5.34) 

By using the results obtained in (|5.32l) . (15.331) and (15.341) we can express (15.311) as 
follows 



-{£)yH,pp)aPy - W\p, H,,yp\aPy - H,ypW\, a^^ - W%y, + 

H,pp\a>^ - s^%y[H,p,, aPy]ya^ . (5.35) 

At this point we introduce the operator P defined as 

Pytlxpp = DHxpjS + i-S/" Ay, Hapjs] + [^"py, H^a/}] + V-i^" Py, H^pa] + V^^" ya, Hxpp] ■ 

(5.36) 

By using the last definition in (15.351) one obtains 

- ^-C^\6.s^%y + ^-ir6^\„ = i|2^Vp]«'"^«^r + 2H,,paPy.s^\,} + 
-{PyH,pp)a'^ + W"py, H,p,]aPy - H,ypW%p, a^^] - s^%y{H,p,, a^n}^^^^ . 

(5.37) 
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We finally have all the ingredients that we need in order to write the dy- 
namical equations of the theory. Now we only have to find an expression for the 
variation 6p. The definition of p is given in (12.1811) . and its variation can be straight- 
forwardly evaluated as follows 

6p = -{'^rCds e-^'-^^''^>5a^^^,^^e-'^^^ , (5.38) 
J n2 Jo 

where 

Ai^) = a^%^,. (5.39) 

Once we have the expression (15.381) for the variation, we can use the cyclic property 
of the trace to write that 



J 71-2 Jo 



(5.40) 



By combining (15.401) . (15.371) and (|5.10l) we obtain the non-commutative 
Einstein equations in absence of matter, namely 



©iiv = 



(5.41) 



where 



+ \{s^\y,H^pa\aPy - ^H,yyW\„a'^] - ^-^\y{H,p,,aP^] , (5.42) 

is the non-commutative Einstein tensor, T^y is defined by 

r,y = - f ds e-^'^^^<Re-^'-^^'^%^y, (5.43) 
J n2 Jo 



1 



1 

r 



1 

4^ 



181 



and the tensor density H has the explicit form 
HaAy = bay(6''Al>'-C^\)b,^-bUS\iy-C^\)b,a-byA.6\ir-C^\)b,A . (5.44) 

These equations are the main result of the present chapter. One can show 
that the first two terms in the equations (15.421) represent a straightforward general- 
ization of Einstein's equation to endomorphism-valued objects and the rest of the 
terms can be considered as a genuine non-commutative part which is not present in 
Einstein's equation. It is interesting to note that the pure non-commutative part is 
completely described by the tensor density H^yp defined in (15.441) . 

Moreover the equation (|5.41l) satisfies the requirement (15.31) . which, in 
words, expresses the necessity that our model reduces, in the commutative limit, 
to the standard theory of General Relativity. In fact, the trace of the pure non- 
commutative terms vanishes, because of the presence of the commutators, and the 
first two terms just give 

^Txyi^{p,n,,} + T,^= V^|i?^,-l^^,i?j . (5.45) 

For an arbitrary matrix algebra the equation (15.411) becomes more compli- 
cated than the ordinary Einstein's equation due to presence of the new tensor density 
Hf^yp. We mention, now, a particular case in which (15.411) simplifies. The formal- 
ism used so far deals with geometric quantities which are endomorphism-valued, 
namely they take values in End(y). By choosing a basis in the vector space V we 
can represent End(y) by means of matrices. Let us suppose that the algebra under 
consideration is Abelian, in this case all the elements commute with each other and 
the tensor density H^yp vanishes identically and the equation (15.411 ) becomes 

'R.v - \b,y'R = . (5.46) 
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Therefore, in case of a commutative matrix algebra, the equation of motion of our 
model have the same form as Einstein's equation, with the only difference that (15.461) 
is matrix-valued. 

5.4 The Action for the Matter Field 

In order to have a complete theory for the gravitational field we need to 
describe the dynamics of the matter field in the framework of matrix general relativ- 
ity. The main idea is to extend the general results of classical field theory. We will 
consider, in the following, the dynamics of a multiplet of free scalar fields propa- 
gating on a manifold M. We can construct an invariant action by using the matrix 
valued metric a'^" and the measure p. A typical action is 

5'matter(«, ^) = T ( (df^^P, {p, a^dyif) - {(f, {p, Q}(p)] , (5.47) 

where ( , ) denotes the fiber inner product on the vector bundle V, and 2 is a constant 
mass matrix determining the masses of the scalar fields. The equations of motion of 
the scalar fields are then obviously 

[-d,{p,andy + {p,Q}]<P = 0. (5.48) 
The complete action of the gravity and matter is described then by 

S (a, if) = 5mGr(«) + ^matter(<3, V?) • (5.49) 

By varying the above action with respect to d^'^ one obtains the non-commutative 
Einstein equation in presence of matter 



= SnGNT, 



(5.50) 
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where T^y is the matrix energy-momentum tensor defined by 



^ 2 dai"" 



By using the explicit lagrangian (15.471) for the matter field, we obtain the expression 
for the energy-momentum tensor 

T^y = ^ [{p, d^ip ® dyip} + M^y + Nf,y\ + ^ v) , (5.52) 

where the explicit form of Al^jy and N^y is obtained by using the variation of the 
scalar density p in (15.381) . namely 

M,y = - C ds e-'^^Ha"^,d^ip®dpip]e-^'-''^'^'^,^y , (5.53) 

J Jo 



and 



J ;r5 Jo 



W.y = - I ^ I rf5e-^-^(f){e,V®v}e-(i-^'^^%^v. (5.54) 



It is worth remarking, here, that the above formula (15.521) for the energy- 
momentum tensor T^y reduces, in the commutative limit, to the standard result, e.g. 

5.5 Conclusions 

The main idea of this new model is to describe the gravitational field by 
a multiplet of gauge fields with some internal structure. For this purpose the metric 
field g'^^, which describes gravity in General Relativity, is replaced by a matrix- 
valued 2-tensor field a^^. This allows the model to have a much richer content in 
describing gravitational phenomena. A more general geometric picture is devel- 
oped by allowing the metric to be matrix-valued. Most of the geometric quantities. 
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used in describing gravity, can be generalized to be endomorphism- valued. In this 
framework it is possible to introduce an action for the gravitational field which is 
diffeomorphisms and gauge invariant, that leads, after performing the variation with 
respect to a^"^, to the modified (non-commutative) Einstein equation. It is interesting 
that the non-commutative part of the modified equations only depends on a specific 
tensor density H^yp and on a linear combination of its commutators. 

An important question is related to the quantization of the present model. 
The analysis developed in this chapter is purely classical and the theory is repre- 
sented by nothing but a generalized sigma model. The problems of quantization of 
the present theory, then, are the same that we encounter in performing the quantiza- 
tion of a sigma model. 

We would like to make a final remark. In our model all the geometric 
quantities that we need to develop the formalism are endomorphism-valued. Once a 
basis for the vector bundle V has been fixed, we can represent elements of End(y) 
by matrices. Of course the description of physical phenomena has to be indepen- 
dent from the particular realization of the representation. This is, ultimately, related 
to the gauge invariance of the theory. We believe that by an opportune choice of 
gauge, namely an opportune representation of End(V) by matrices, the dynamical 
equation (|5.41l) could be simplified further. The search for such particular gauge, if 
it exists, requires further studies in matrix differential geometry and matrix General 
Relativity. 



CHAPTER 6 



NONCOMMUTATIVE CORRECTIONS IN 
SPECTRAL MATRIX GRAVITY^ 

Abstract 

We study a non-commutative deformation of General Relativity based on 
spectral invariants of a partial differential operator acting on sections of a vector 
bundle over a smooth manifold. We compute the first non-commutative corrections 
to Einstein equations in the weak deformation limit and analyze the spectrum of the 
theory. Related topics are discussed as well. 

6.1 Introduction 

The main goal of this chapter is to study the action of Spectral Matrix 
Gravity in the weak deformation limit and to describe the corresponding corrections 
to Einstein equations. 

We will describe a method for the calculation of the heat kernel developed 
in [|71 [T5]|, which is based on the covariant Fourier transform proposed in [|5l [T4l . 
In what follows we specialize the discussion to second order partial differential op- 



The material in this chapter has been published in Classical and Quantum Gravity. G. Fucci 
and I. G. Avramidi, Non-Commutative Corrections in Spectral Matrix Gravity, Class. Quant. Grav. 
(2009) 26 045019 (24pp) 
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erators with non-scalar leading symbol which naturally arise in the framework of 
Matrix Gravity. These operators can be written in a manifestly self-adjoint form as 

follows rtim 

L = -p-'V,pa^'pV,p-' + Q, (6.1) 

where a^" is a matrix-valued symmetric tensor of type (2, 0), p is a matrix-valued 
density of weight 1 /2 and 2 is a matrix-valued function. 

The heat kernel for a general non-Laplace type second order partial differ- 
ential operator L is the kernel of the heat semigroup, that is, 

U{t\x, x) = exp{-tL)'P(x, x')d(x, x) , (6.2) 

where 6{x,x') is the delta- function (in the density form). By utilizing the Fourier 
integral representation for the covariant delta function (12.1621 ). we obtain 



c') f-^ 



U(t\x, x) = AHx, x)r{x, x) \ -j:^ exp{«^^,-cT^'(x, x)}m\k, x, x) , (6.3) 
where 

0(t\k, X, x') = exp(-M) • I , (6.4) 

A = e-'^^'""' p-^A'-^LA^-re'^""^"' . (6.5) 

By using the coincidence limits of the two-point functions, in section 2.2.4, we 
obtain the heat kernel diagonal 



U(t\x,x)= f -^c!)(t\k,x,x). (6.6) 

By substituting the operator (|6.1I) in equation (16.51) . we get 

A = -e''^^"^' 9-^ A-^-p-^1 .pd"" pi ^p-^ AhVe'^^"^' + Q , (6.7) 
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where Q = P'^QP. We rewrite this operator in a more convenient form 

A = -XX^Xy + Q , (6.8) 



where 



X^ = e'^^"'''rA^p-^V^pA--2r-^e-'^^"^'' . (6.9) 
It is useful to introduce, now, two quantities 

Cy = -p-yP~^ and Cv = -p~V;y • (6.10) 

Then we get 

Xy = Wy + Cy+C,y + Ey + l^f^'lf'y , (6.1 1) 

X^ = ^^.-C^ + +E^ + i^y,rf^ , (6.12) 

and 

A = -(V^ - + ^.^ + £^ + i^^,Tf'ju)a''\Vy + Cy + C,y + Ey + i^A'y) + Q ■ (6-13) 
Finally, a straightforward calculation gives 

A = H + K + £. (6.14) 

Here 

H = ^a'^p'yi"',yf'ya^\ (6.15) 

K = -i^p^iBP'^'^y + GP') , (6.16) 

£ = -l)X'^v + G, (6.17) 



where 
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BP'" = Irf^d'^ 

Dy = Vy+Jly = Vy + Cy + C.V + Ey, 



(6.18) 



(6.19) 



with Cy, Cf,, ^ defined in (l6J0l) . (IXTIT]) and £p 



(6.20) 



More explicitly we can also write that 

X = -a'^%V, + J/^V^+Z, 



(6.21) 



where 



-a^"; , + C,a^^ - a^^Cy - la^^C y - a^'Ey - Eya"" , (6.22) 



y CI y pi ~l~ lid Ej y Ej ifCl ^~^v 



- EX'Ey - ya^'E, - C yEX" + Q ■ 



(6.23) 



Thus, by using the eq. (16.141) we obtain 



Uit\x, x) 



[ JL 

J i2nY 

R" 



-t(H+K+£) 



(6.24) 



which, by scaling the integration variable ^ ^ t 2^, takes the form 



U(t\x, 



, x) = {Anty'i [ ^ exp{-H - ^tK - t£) 



•I 



(6.25) 
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It is convenient, to rewrite this equation as 

Uit\x, x) = (Ant)-'^- [ ^ e^l^l' exp(-^ - yRK-tZ)-! , (6.26) 

Where l^p = g^^-^^^, and 

H = H- I^p . (6.27) 

In order to evaluate the first three coefficients of the asymptotic expansion 
of (16.261 ) as t ^ we use the Volterra series for the exponent of a sum of two 
non-commuting operators in (12.1641) to obtain 

exp(-^ - yrtK-t£) = e-^ - yrt^ + t'¥ + 0{r-) , (6.28) 

where 

1 

n = J dne-^'-'^^^Ke-'^'' , (6.29) 



and 

1 T2 1 

^ = JdTiJ drie-'-'-''^"Ke-'-''-''^"Ke-''" - J Jrie-^^-^'^^Xe""'^ . (6.30) 



We are only interested in the terms cio and cii of the heat kernel expansion, 
namely the terms of zero order and linear in the parameter t. These terms can be 
written, respectively, as 

ao = gho , (6.31) 
ai = g^ai , (6.32) 

where 



«o = r ^g~'' e-l^l'exp{-^}-I 



(6.33) 
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The term of the heat kernel expansion vanishes identically. This hap- 
pens because the heat kernel coefficients are defined as ^-integrals over the whole 
R" and the term Q. in (16.291 ) is an odd function of ^. 

6.2 Evaluation of the Heat Kernel Coefficients 
6.2.1 Local Coefficient ao 

We will evaluate the heat kernel coefficients Aq and Ai using the pertur- 
bation theory. The main idea is to introduce a small deformation parameter A and 
evaluate the non-commutative corrections to the action of Spectral Matrix Gravity. 
For this purpose we write the matrix a^y as 

a^'^ = gt'n + Ah''\ (6.35) 

where h^^ is a traceless matrix- valued tensor field (a non-commutative perturbation 
of the Riemannian metric), satisfying 

trvh^" = . (6.36) 

Furthermore, we parameterize the matrix-valued density p introduced in (16.11 ) as 

p = g-^e^e^'^ . (6.37) 

Here cr is a traceless matrix-valued scalar field and ^ is a scalar field. (Do not 
confuse it with the world function introduced in the previous sections!) Finally, we 
also decompose the endomorphism Q, 

Q = q-l + A&, (6.38) 

where is a traceless matrix- valued scalar field. 
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Now we expand all the quantities in powers of A. On doing so the matrix 
p and its inverse read 



P 



-I 



e^\l+Ao-+ —o-^ I + O(A') , 
e'ni-A(T+ ^cr' I + OiA') , 



and its derivative is 



^CT; V + ^(O"; yO" + CrCT- y) 



(6.39) 



+ eV; y\l+A(T + ^cr' I + 0{A') . (6.40) 



^From the last two expressions one can easily evaluate the operators Cy and Cy 
obtaining explicitly 



Cy = -p; vp ^ = -^. y- Act- y + y [o". y, 0-] + OiA^) 



(6.41) 



A 

Cy = -P'^P- y = -(f>-y - ACr-y - —[(T- y, (T] + O(A^) . 



(6.42) 



The operators H, K and X introduced above in (16.151) . (|6.16l) and (16.171) 
depend on the deformation parameter A as well. By expanding them in terms of the 
deformation parameter we get 



H = Hq + AH\ , 



K = K0 + AK1+ A^Kj + O(A^) , 



£ = £o + A£,+A^£2 + OiA^), 



(6.43) 
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where 

Ho = ^«'^/?'(^"',/v^"^-^"'^'), (6.44) 

Hr = ^a'^^^Tj"',rf\h>'\ (6.45) 

Ko = -i^A2r]"',g'''V, + 2Tj"'^g^X y + ri"' + E'^r^"'^ + rj"' ^E^ , (6.46) 

+ ri"'^E,hn, (6.47) 

Ki = -i^a'[v"',([(r;v,hn + [cr"',cr])], (6.48) 

£o = -V^-(2C^^ + 2EnV,+(f>,,^^ + 4>,,cf>-^^-C,,''' 

- C'''C,,-E,'^-E'^E,-2^,,E^+q, (6.49) 

Xi = -F-'V^ V, - [F"; , + 2^; .h'^" + (h^^'E, + E,h''')]V^ + cT; ^- 

- /i'^^^;^, - C^.h^"^;.- h'^'^.E, - h'^'E,,, + [E„o-'''] 

+ (P,^[E„ hn - E^h^^E, - E^h^'C, V - ^.h^'E, + , (6.50) 
£2 = ([/^rc^;,]-[cr^^(^])V^-i[(^;^^^cr]+F^^(^;, + FV;^, 

+ ^;^FV, - cr;,F^^;^ - i([(T;^,(r]£'^ + E^ [(T , ^ , (t]) 

+ E^h^''(r,,-cr,^h^''Ey . (6.51) 

In the framework of perturbation theory we write, then, the coefficients uq 
and a\ of the heat kernel expansion in (16.331) and (16.341) in terms of the deformation 
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parameter A, namely 

ao(A) = a''^^ + Aa'l^^ + A^af^ + O(A^) 

ai{A) = + Aa\^'> + A^af + O(i^) . (6.52) 

By using the explicit formulas obtained in (16.441) through (16.511) . we will be able to 
evaluate all the coefficients of the Taylor expansions in (16.521) . 

Next, we introduce a notation that will be useful in the following calcula- 
tions. Let / be a function of ^. We define the Gaussian average of the function / 

as 

(/) = r ^ e-^^'m . (6.53) 

R" 

The Gaussian averages of the polynomials are well known 

{ln)\ 

(^/il ■ ■ '^il2r} ~ 22n^l'^*^'^2 ■ ■ ' SM2n-lM2n) ' (6.54) 

where the parentheses ( ) denote the symmetrization over all the included indices. 

For the coefficient of order zero of the heat kernel expansion we consider 
the first equation in (16.521) . From the formula (16.331) . it is easy to see that the only 
non- vanishing contribution to is 



ao 



\-AN+ y 1 . 1 



+ O(A^) . (6.55) 



By using the equations (16.441) . (16.451) and after taking the coincidence limit we obtain 
the expression 

ao = III - Ah^%^, + ^A^h'^^'h'"'^,^,^.^}] + 0{A') , (6.56) 
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and then, by performing the Gaussian averages, we get 



(6.57) 



where h = g^yh*^^- In order to evaluate the global coefficient Aq, we need the trace of 
(16.571) . Since hf^^ is traceless we immediately obtain 



6.2.2 Coincidence Limits 

In this section we will list the various coincidence limits that we will use 
during the calculations performed in this chapter. 

Through all this section the subscripts 0,1 and 2 will be used to denote 
terms of different order in the deformation parameter A. More precisely for any 
quantity X which contains different orders of A we write 



where Xq, Xi and X2 denote, respectively, the zeroth, first and second order in A. 

We start with the coincidence limit of the operator H in (16.151) and its 
derivatives. More precisely we have 



tryao = try 1 + jh^ + jh'^'hj + 0{A') . 



(6.58) 



[H] = A^.^yh^" . 



(6.59) 



For the first derivative we obtain 



{H,,]=A^,^pH 



(6.60) 



For the second derivative we get the following formula 




(6.61) 
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Recall, now, the definition (16.161) for the operator K. The coincidence 
limits of the terms in K are 

[<] = -2gP\ (6.62) 

= -2hP' . (6.63) 

For the derivatives of these quantities we have 

[(V,,5^'Oo] = 0, (6.64) 

[(VX')i] = -IhP'',^. (6.65) 



For the other terms we have 



[g^] = 0, (6.66) 

[Gf] = -W'',,. (6.67) 

for the derivatives of (16.661 ) we get 

[(V,G^')o] = ^-RP, + n%, (6.68) 

[(V,cr')i] = „,-iF«i?„, + ^mP,,^+F'Xv, (6.69) 

[(Vv(r')2] = -[cr;„„/zn - W-a,hP".,y\ - W'P.,y,(T] - W'P,(T,A ■ (6.70) 

For the operator X in (|6.17l) we need the following coincidence limits 

my)o] = -[(^v)o] = -0;v, (6.71) 

[(^v)o] = -mv)o] = -(r-y, (6.72) 

[(^v)o] = [(^v)o] = ^K„(r] . (6.73) 
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We also used, during the calculation, the coincidence limits for the derivatives of 
Jly, namely 



1 



1 



[(V;.^v)l] 



-cr. 



(6.74) 
(6.75) 
(6.76) 



6.2.3 Local Coefficient ai 



Now we evaluate the coefficient ai . By using the expressions (16.341 ), (16.301) 
and (16.171) we have 

1 r2 

tryai = {{try [-e-^ 2]} + /try Jjtj J^Tie-^'-^^^^isTe-^^^-^'^^e-"'^ 







- try 



/ 



(6.77) 



where the first term of the expression (16.771) has been obtained by simply using the 
cyclic property of the trace. 

In the following we will evaluate the terms in (16.771) separately. We start 
with the simplest of them, namely the one involving the endomorphism Q. By using 
the Taylor expansion in A of H in (16.431) and the coincidence limits (12.1 191 ) we obtain 



x=x' 



try I -Q + A^.^yh'^^'Q - 



+ O(A') 



(try [-e-^Q]) 

" " \ \ " / / x=x' 

(6.78) 

By expanding Q as in (16.381 ) and by performing the Gaussian averages we obtain 
(try [-e-"Q]) [_^^ = -A^^ + Ahvy ^^h@ - ^h^q - ^h^'h.y^ + 0{A^) , (6.79) 
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where we used the property (I6.36I ). 

For the second term in equation (16.771 ) we get, by using the definition 

(16161) . 



Mv 







- trv 



1 T2 







+(^'g-(r2-ri)//(^<r'^-r,//J ^ 



(6.80) 



It is straightforward to notice that in the last expression we need to compute first and 
second derivatives of the exponentials containing the operator H. These derivatives 
are computed by using integral representations, i.e. for the first derivative we have 



Hill 



where 



tH 



T 



(6.81) 



(6.82) 



This last integral can be evaluated by referring to the following formula and by 
integrating over s [jlTTl 



k=0 



(6.83) 



By expanding (|6.82l) in s, up to the second order in A, we obtain 

1 



-tH 



(6.84) 
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This last expression can be obtained by recalling that the coincidence limit for H 
and its derivatives is of order A without the zeroth order term. 

For the second derivative we write [|2T]| 



r 







+ . (6.85) 

We can express this formula in the same form as (16.841) . i.e. 

V^V,e-^^ = -{tH.,,, + ]^[H,,.,m - ^THH,.,H,^}^e~'^ + 0{A') . (6.86) 

Now that we have the expressions (|6.81l) through (16.861) . we can substitute 
them in (16.801) and we can expand the remaining exponentials in r up to orders 
After the expansion of the exponentials and after taking the coincidence limit, we 
have to evaluate the double integrals of polynomials in ti and T2 which will yield 
the numerical coefficients for the various terms in (16.801 ). The most general double 
integral that we need to evaluate is the following 

1 T2 

h{a,j3,y,6) = J^^2 J rfTi<(l - T2)^(t2 - ti)^(1 - T2 + r^f , (6.87) 



with {a,/3, y, 6) being positive integers so that the integral is well defined. The solu- 
tion in closed form of (16.871) can be found as follows. 

This integral is well defined for Re(Qr) > -1, Re(7) > -1 and < T2 < 1. 
By using the integral representation of the hypergeometric function we can evaluate 
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the integral in ti, i.e. 

1 



^ ^ r(i+g)r(i+y) 

^ r(2 + a + 7) 

(6.88) 

Now, by using the linear transformation formula for the hypergeometric function we 
getm 

2F1 1 + or, -6, 2 + a + y ; 



I-T2, 

= (1 - T2)^^"2Fi (1 + a, 2 + a + 7 + 5, 2 + a + 7 ; T2) . (6.89) 



By substituting the last expression in the integral (16.881) we obtain 
^ r(l+a)r(l+7) 



T{2 + a + 7) 



-X 



1 



J dT2T\^"^\\ - T2f^"*^*\F^ (1 + a, 2 + a + 7 + 5, 2 + or + 7 ; T2) . 


(6.90) 



This integral over T2 is, now, of the following general form 



1 



1 = ^ dxx'-\\-xY-'2Fi{a,b,c;x) , (6.91) 


which is well define for Re(c) > and Re((i) > and has a solution in a closed form 
[|54ll . namely 

^ ^ Y{c)Y{d)T{c + d-a-b) 
T{c + d-a)T{c + d-b) ' 

By using the results (|6.92l) in the integral (16.901) . we get the solution (16.931) . i.e. 

w « A^ ni + a)r(l +;e)r(l + 7)r(2 + a+l5 + 6) 
r(3 + a + yS + 7 + o)r(2 + a + jS) 
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where Y(x) is the Euler gamma function. 

By using the technical details described above and the coincidence limits 
for the various terms in (16.801) (see Section 6.3.2), we obtain 



try 







x=x' 



try (Qo) + ^try (Qi) + ^^try (Q2) + 0{A^) 



(6.94) 



where 





1 


^0 = 




Qi = 


- Ik" 

6 




1 


Q2 = 






"16 



/J + V /^^^_ V ;p 

D O 



(6.95) 
(6.96) 



1; 

12 



12 



(6.97) 



We can finally evaluate the last term in equation (16.771 ). By using the 

definitions (16.171 ) and (16.191 ) we can write that 

1 



try 







(6.98) 



In order to evaluate this term we use the derivatives in (|6.84l) and (16.861) 
and we expand the remaining exponentials of ^ in r up to terms in A^. During 
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the calculation the numerical coefficients of the various terms can be evaluated by 
referring to the following general integral 



1 



(6.99) 



where (a,yS) are positive integers. The solution to this integral is easily find by 
recalling the integral representation of the hypergeometric function |[T1 

1 



2F1 {a,b,c ;z) = 



r(c) r 

T{b)Y{c -b)J' 



(6.100) 



where Re(c) > and Re(b) > 0. From this last general expression we obtain the 
integral (16.991 ) by setting z = 0, a = b- l and /3 = c - b - I. By recalling that 
2F1 (a,b,c -,0) = I, we finally get 



r(l +a)r(l +B) 
h{a,l3) = V.o ... =Ba+a,l+/3), 



(6.101) 



r(2 + or + fi) 

where B(a, b) denotes the Euler beta function. 

The explicit form of (16.981 ) can be obtained with the help of (16.1011) and 
the coincidence limits in Section 6.3.2. After a straightforward calculation one gets 

1 

:try 



try (So) + .Itry (Si) + Ahrv (S2) + 0{A^) , 



(6.102) 
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where 

So = -0;/'^-0;;.<^•^ (6.103) 

Hi = -Cr;^^'^-/l^%0;,-F>;^,-20^V;,-0;X>;V 

+ Ui{(P,^'^ + (t>,^(l>-^^)-hi'",,, (6.104) 

+ /l(r;^(^'^ + ^M^>;/,0;^-(r;/,O-'^-2/Z^V;^0;V . (6.105) 

In the notation of equation (16.521) we can write, now, the different contri- 
butions, in increasing order of A, to the coefficient In more details, by using the 
results (16.791) . (I6.95L (16.1031) and recalling that 

UiiA) = af + Aa'^'> + A^af + 0{A^) , 

we get 

= ^i?-0;^^^-0;^<^^^-^. (6.106) 
Moreover, by using (16.961) and (16.1041) we obtain 

+ lh(4>,,'^^ + cf>,,(f>'n-^h'",„ + h>^^R,,-^hR. (6.107) 
Finally, by combining the results in (|6.79l) . (|6.97l) and (I6.105|) . we have the following 
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expression for the term of order inai, i.e. 



- -h'^^'h^yCP, P(P-' ^ + —h, ^h^ ^ - —hh^'R^y - -h%h^PR^y + —h^R 

4 4o Iz D 4o 

+ l-h^^h^^R + he. (6.108) 



6.3 Construction of the Action 

In order to write the action of Spectral Matrix Gravity, we need to evaluate 
the global heat kernel coefficients Aq and Ai. As we already mentioned above, the 
coefficients Ayt are expressed in terms of integrals of the local heat kernel coefficients 
(which are densities) or the coefficients cik (which are scalars). By using the 
equation (|6.58l) . we get 



-I 



dx g^- try 



M 



I + '—{h^ + Ih^yhn 
8 



+ 0{A'). (6.109) 



Now we use the equations (16.521) and (|6.106I) - (I6.108I) to compute the co- 
efficient Ai. By integrating by parts and by noticing that the trace of a commutator 
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of any two matrices vanishes, up to terms of order A^, we obtain 



Ai = 



J dx tryj -q- (/)'-'' (/).f, + ^R + A^(^ - (T'^ct-^ + ^/z0 

M 

iz Iz iz 4o 

+ —hi'^'h^yR - —h.M'i' - —hf^^'Ph^y.^ - -h^q - -h^d)-,''' 
24 48 ''^ 24 8 8 

+ (6.110) 



The invariant action functional is written as linear combination of the co- 
efficients Ao and Ai as shown in (12.1851) 



16nG 

M 



6^ -60' +i?-2A 



+ — try^ - 6cr' >'cr, ^ - 3h'' ''cr, ^ + 3h@ + 3/zF>; ^(p, ^ + ehcr' >; ^ 

z z o 4 o 4 

- \^q - h\,,'' - \h^cP,,(P'^ - h^^h^^q - h^^h,y<P,pP 

+ 0{A^) . (6.111) 



Obviously, the action functional that we obtained is invariant under the diffeomor- 
phisms and the gauge transformation h^^" Uh^^U~^ . 
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The next task is to find the equations of motion for the fields a, h^y and 
(j) by varying the action functional. In this way we will explicitly find the non- 
commutative corrections to Einstein's equations. 

6.4 The Equations of Motion 

By performing the variation with respect to the field cr, we obtain the 

equation 

4Ao- + 2hA(f> - 2h' >; y + Alf", y(f>, ^ + 4/i^>; ^y + 0(A^) = . (6. 112) 

Here A is the Laplacian in the Euclidean case and the D' Alambertian in the pseudo- 
Euclidean case. For the matrix-valued field h^^ we obtain the equation 

f'Ao- + f"® + h(f>' ^(f>' + g^'h'"'(P,pcp, ^ + 2g^V'^0;p (6.113) 

- -hR"^ + -hp^R'^p" + -h^Vp + -h' + -gl^'W, pa - -h^p' ^'"^ 
6 3 3 6 6 ' 3 

+ —g^^'hR + -h^'R + —g'^^Ah + -AM"" - -gf^'hq - -g^"'hA(P 
12 6 12 6 2 2 

- If "hep- n(f>'' " - h^^q - h^^Acf, - h^^cf). pcP' f - ^g^'h - ^h^" + 0{A^) = . 
2 ' '63 

The variation of the action with respect to the scalar field (p yields 

4A0 = - — try( - 2M^V; nv " ^h, ^h^'c/), y - Ihh^', ^(f>, y 

- Ih y(T' " - IhAa + W", yh ^ + tf^h + Aa, ^.y^f" + Aa, yh^", ^ 

- ^hAh - ^h.^.h'" + hh,^(P'^ + hi^Acp - h^'Ah^y - h^^y, ph""' ^ 

+ 2h^yh^''-f(f>;p + h^"'h^yA^^ + 0(A^) . (6.114) 
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The equation of motion for the field g^^ can be written in the following form 

1 y}^ 

R"" - i^g^'R + A^''' = T^" + — tri/^^" . (6. 1 15) 

Here the tensor T^'^ is 

= 60- - 3/>; ^ - 3^/^ , (6.116) 

which represents the stress-energy tensor for a massless scalar field. The tensor s^'^'^ 
represents, instead, the stress-energy tensor for the fields h^'^ and a. 

The equation (16.1 151 ) is the main result of this chapter. As we can see, 
the new fields of our model, h'^ and cr, contribute to modify the standard Einstein 
equations. More precisely they contribute to an additional term in the stress-energy 
tensor. 

The tensor s^'^^ can be written as the sum of six terms: 

s^^' = + + + s^iz + <: + . (6. i iv) 

(1) (2) (3) (4) (5) (6) ^ 

In the first term we have only derivatives of the field cr 

= 6cr- ^(T- - 3g^'(T, p(T' f - 6h(T' ^(f)' + 3(T- + 6F V' ^0; p 

+ 3(r; p- + 3/" |/icr' p - ^cr' ^h, p - la, Jf^ . (6.118) 

The second term only contains derivatives of the scalar field 0, namely 

= 3/Z^>; , [if' + i/^/l j + 30; , pF" - ^g'^" p 

+ 3¥''h^''cl),p^ + ^(0^*^") + 0^^0^''))|v^^- + ^^') • (6-119) 
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The third term only contains second derivatives of the matrix-valued tensor field W^, 



(6.120) 



The fourth term contains only find first derivatives of h^^, namely 



1 



1. . 



1 



1 



''(4) 2" ' 2" " ''^ 2" ' ^" ' '''' ' 2 



(6.121) 



The fifth coefficient contains only first and second derivatives of h 



"(5) 



4 

1 ,..,/l 



- ^8''[;^hh,p'P-h,p^hP'^ + -h'Ph,p 



8 



(6.122) 



The last term, ^^1, does not contain any derivative of ht"^, namely 



'(6) 



1 



+ hP'^hp^g'^V' 
+ i(i? - 6^) [g^'hp^hP'^ + AhpH'^P) + ^(R - 6q) [^h" + W) 



(6.123) 
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The dynamics described by the equations (16.1 121) . (16.1 131) . (16.1 141) and 
(16.1 151) can be studied by using an iterative method. Let us write the solution for the 
background fields (p and gi^^ as Taylor expansion in the deformation parameter A as 
follows 

(p = 00 + A(f)i + A^(f>2 + O(A^) , 
r = g^J + A/,' + aY; + 0{A') . (6.124) 

By substituting these expressions in equations (16.1 141) and (16.1 151) we obtain, for the 
terms of order /l", the dynamical equations 

A0 = 0, 

_^gMyj^ + ^gf^y = 0. (6.125) 

As we can see from the last equations the term gJJ" is nothing but the solution of the 
ordinary Einstein equation in vacuum with cosmological constant. By substituting 
the solutions to (16.1251 ) back into the equations of motion for the fields cr and h^^ we 
get equations of the form 

(^,(g^\(Po)cr = 0{A^), 
^2ig'o\(f>oW = 0{A^), (6.126) 

where <I>i(g'^^, 0o) and ^lig'^^, <Po) are linear second order partial differential opera- 
tors. By iterating this process we can, in principle, find the solution to our dynamical 
equations in form of a Taylor series in A. 

6.5 Spectrum of Matrix Gravity on De Sitter Space 

The action for Matrix Gravity obtained in the previous section is a func- 
tional of the fields 0, cr, and g'^^ . The dynamics is described by a system of 
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non-linear partial differential equations coupled with each other. We analyze, now, 
the dynamics of the theory. For simplicity we will set, from now on, 2 = 0. This 
particular value for the matrix-valued scalar Q will not affect our analysis. 

As already mentioned above, from the equation of motion (16.1 141) for the 
field (j), we can see that to the zeroth order in the deformation parameter A the field 
(p satisfies the following equation 

A0 = O. (6.127) 

As it is well known, the solution of the last equation represents a wave propagating 
in the whole space. Since we require that (p vanishes at infinity, the only solution is 
(p = 0{A^) in the whole space. 

With this solution for the field (p, the matrix- valued function p defined in 
(16.371) becomes 

p = e^'^. (6.128) 

A deeper analysis shows that the matrix-valued scalar field cr is not an independent 
field. Following [[20i 1211 the general form of p can be written as 

p = oj-'^ , (6.129) 

where 

OJ = -^s^,...,,„s.,...yy' ■ ■ ■ a^"'^"- . (6.130) 
m! 

By using the decomposition (16.351) of in equation (16.1301) we get the following 
formula, up to the term linear in the deformation parameter A, 

cr = -\h + ^V^^" + 0{A^) ■ (6.131) 
4 8 
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We can write down, now, the action by imposing the constraints (p = O(A^) and 
(16.1311) . The final result is the following 



The action depends, now, only on the independent tensor fields g^'^, /z^^ 
and the scalar field (p. Therefore, we will have only two equations that describe the 
dynamics of the theory. These dynamical equations can be easily derived from the 
ones given in the previous section by imposing the conditions (16.1311 ) and (f> = O(A^). 



The action (16.1321 ) and the equations of motions for the fields evaluated 



in the previous section, assume a simple form on maximally symmetric background 
geometries. As we mentioned in the previous section, the A^ term of the background 
field g'^^ is solution of the Einstein equations in vacuum with cosmological constant 
(16.1251) . In this section we consider the De Sitter solution to the equation (|6.125l) . 
In this maximally symmetric case the Ricci and Riemann tensors take the following 
form 



5 = 




M 




(6.132) 



1 




va/3 — 



and 



(6.133) 



n(n — 1) 



The De Sitter metric gives a solution of the classical equations provided 



In 



(6.134) 



R = 



A . 



n-2 
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Here, and below, we restrict ourselves to the case n > 2. By substituting 
the expressions in equation (|6.133l) in the action (16.1321) . we find a form of the action 
functional valid in De Sitter geometry, namely 



S = -J^ J dxg'^i^-6cP'^((>,^+R-2A 



M 

+ 0{A^), (6.135) 



where the terms jX\ and //2 are defined as follows 

„ = 4^^«-A. (6.136) 

2n{n - 1) 

1X2 = -^^—4r + 2A. (6.137) 
n - I 

It is interesting, at this point of the discussion, to derive explicitly the 
spectrum of the theory. In order to achieve this result we need to decompose the 
field hf^y in its irreducible modes: traceless transverse tensor mode, transverse vector 
mode, scalar mode and trace part. In other words we can write /z^y as 

V = + ^Sf^vV + 2^i; V) + 'A;;.v , (6.138) 

where the scalar field (p is defined as follows 

(f = h - Aifj , 
and the fields hj^^ and satisfy the conditions 

V^^;, = 0, g'%y = 0, V%^ = 0. (6.139) 
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We can now substitute the expression (16.1361) in the action (16.1351) . and evaluate the 
terms separately. Explicitly we obtain 



/ 

M 



dx £2 



1 2 / 
-ipl^ip v'lA + - I Ai^ 



M 



n \ n 

2 



(6.140) 



M 



I 



M 



dx £2 



- -ip^^p - \^—\ V f A + 1 Ai/r 
n \ n I \ n + l, 



(6.141) 



J dxg^h^A-^ + ^iW 

M 



= J dxg^-!^^,{- 

M 

+ -ifi-A + 1X2) AiP + 2^; (a + -) (a - //2 + 4^^) 
n ^ \ nl\ n{n - 1) / 



- -A 



A..|H-Ja.^(J^ 

n / n \ n - 1 



(6.142) 



and finally 



J" dxg^^ h(-A + Hi)h 

M 

= J Jjc^5[(^(-A+//i)'^ + 2^(-A+yUi)A(/^ + i/r(-A+jUi)AV] • (6.143) 

M 

By using the decompositions (16.1401) through (16.1431 ) we rewrite the action 
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(16.1351 ) in terms of the irreducible modes of h^^, namely 



S = 



M 



^2 

60'''0;^ +i?-2A + — try 



(n-l)(n-2) 

+ — 4;^^ — '^1-^+ 



-R 



N 



n(n + 2) 



2(n-l) in-l)(n-2) 



1 , / R\(n-2 \ ,„ n + 2 ln-2 \ 



3 2R\(n-2^ ^^.^ 



(6.144) 



It is straightforward to show now that on the mass shell, (|6.134l) . the terms 
containing the fields and ifr vanish identically. More precisely we obtain the 
following form for the on-shell action functional 



on- shell 



1 r , r 4A 

— I ax 2^< 1 trv 

16;rG j ^ \n-2 N ^ 

M 



(n-l)(n-2) 
+ — (fi -A 



4 ^n-l)(n-2)j 



2nK 



(6.145) 



4n2 ^\ (n-\)(n-2), 

Thus on the mass shell the only remaining fields are the (traceless) matrix-valued 
traceless transverse tensor h^^ and the (traceless) matrix-valued scalar field (p. This 
action looks exactly the same as in General Relativity, the only difference being 
that the fields are matrix-valued and traceless. Therefore, it describes (A^ - 1) spin-2 
particles and (A^ - 1) spin-0 particles. Note also, that exactly as in General Relativity, 
the scalar conformal mode is unstable if the cosmological constant A is assumed to 
be positive. 
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6.6 Concluding Remarks 

In this chapter we studied a non-commutative deformation of General Rel- 
ativity (called Spectral Matrix Gravity) proposed in [ETTl where the non-commutative 
limit has been explicitly evaluated. The approach of the paper ETI to construct the 
action for Matrix Gravity differs from the one proposed in ||20l[T9ll49l . In the latter 
the action of our model was a straightforward generalization of the Hilbert-Einstein 
action in which the measure and the scalar curvature were matrix-valued quantities. 
This last approach seems to have some intrinsic arbitrariness due to the freedom 
of choosing the particular form of the matrix-valued measure (for a discussion see 
[|49ll ). In order to avoid these issues, in CI I the action of Matrix Gravity was defined 
as a linear combination of the first two global heat kernel coefficients (|2.185l) of a 
non-Laplace type partial differential operator. 

By using the covariant Fourier transform method we were able to evaluate 
the coefficients Aq and Ai, and as a result, the action functional within the pertur- 
bation theory in the deformation parameter A. The main result of this chapter is the 
derivation of the modified Einstein equations in (16.1 151) in the weak deformation 
limit. In this case the pure non-commutative fields, namely h^" and cr, contribute 
to the right-hand side of the Einstein equation, that is, the stress-energy tensor. The 
explicit form of these non-commutative correction terms has been derived in (16.1181) 
through (16.1231) for the first time. 

Some of the physical implications of Matrix Gravity have been extensively 
discussed in |fT91 1201 ET]| . This theory exhibits non-geodesic motion which can be 
related to a violation of the equivalence principle, moreover, because of the new 
gauge symmetry, there are new physical conserved charges. At last, this theory 
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represents a consistent model of interacting spin-2 particles on curved space which 
usually was a problem. An interesting question is the limit as ^ oo of our model, 
this might be related to matrix models and string theory. 

As it is outlined in the introduction Matrix Gravity can be considered as 
a Gravitational Chromodynamics describing the gravitational interaction of a new 
degree of freedom that we call gravitational color. Whether or not it is related to 
the color of QCD is an open question. Let's suppose for simplicity that it is the 
same, and that the gauge group of Matrix Gravity is nothing but SU{3). If one 
pushes this analogy with QCD to its logical limit then this would mean that the 
theory predicts that the gravitational interaction of quarks depends on their colors. 
Exactly as in QCD the strong interaction between quark of color i and a quark of 
color i is transmitted by gluon of type the gravitational interaction between 
quark of color i and a quark of color j is transmitted by the graviton of type In 
this case, all particles in the electro-weak sector, including photon, do not feel the 
gravitational color. In that sense it is 'dark' . Notice that in the non-relativistic limit 
the Newtonian potential will also become 'matrix- valued'. One can go even further. 
Since the usual (white) mass is determined by the sum of the color masses, one can 
assume that the color masses can be even negative. Then the gravitational interaction 
of such particles would include non only attractive forces but also repellent forces 
(antigravity?). This feature could then solve the mystery of singularities in General 
Relativity. 

The consequences of our model in the ambit of cosmology are easily 
seen by inspecting equations (16.1 151 ) and (16.1 161 ). The deformation of the energy- 
momentum tensor in (16.1 161) is written only in terms of the non-commutative part 
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h^'^. It would be interesting to study whether or not h''^ could account for a field 
of negative pressure. If so, our model could describe the dynamics of dark energy. 
Furthermore, the distortion of the gravitation expansion of the universe due to the 
non-commutative degrees of freedom of the gravitational field will certainly have 
some effect on the anisotropy of the cosmic background radiation, nucleosynthesis 
and structure formation. Of course, a detailed analysis of these effects requires a 
careful study of the fluctuations in the early universe. 

Of course the validity of these statements requires further investigations. 
The ultimate goal of this theory is to construct a consistent theory of the gravitational 
field which is compatible with the Standard Model and able to solve the current 
open issues which afflict General Relativity, i.e. the problems of the origin of dark 
matter and dark energy, the recent anomalies found in the solar system (Pioneer 
Anomaly, flyby anomaly, etc.) and last, but not least, the problem of quantization of 
the gravitational field. 

In summary, we would like to stress that our model makes it possible to 
make a number of very specific predictions that can serve as experimental tests of 
the theory. 



CHAPTER 7 
KINEMATICS IN MATRIX GRAVITY^ 



Abstract 



We develop the kinematics in Matrix Gravity, which is a modified theory 
of gravity obtained by a non-commutative deformation of General Relativity. In this 
model the usual interpretation of gravity as Riemannian geometry is replaced by 
a new kind of geometry, which is equivalent to a collection of Finsler geometries 
with several Finsler metrics depending both on the position and on the velocity. As 
a result the Riemannian geodesic flow is replaced by a collection of Finsler flows. 
This naturally leads to a model in which a particle is described by several mass 
parameters. If these mass parameters are different then the equivalence principle is 
violated. In the non-relativistic limit this also leads to corrections to the Newton's 
gravitational potential. We find the first and second order corrections to the usual 
Riemannian geodesic flow and evaluate the anomalous nongeodesic acceleration in 
a particular case of static spherically symmetric background. 



^The material in this chapter has been published in General Relativity and Gravitation: I. G. 
Avramidi and G. Fucci, Kinematics in Matrix Gravity, Gen. Rel. Grav. (2008) DOI 10.1007/sl0714- 
008-0713-6 
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7.1 Introduction 

In this chapter we investigate the motion of test particles in an extended 
theory of gravity, called Matrix Gravity, proposed in a series of recent papers 
I2TII and presented in Chapter 5. The main goal of the present chapter is to investigate 
the motion of test particles in a simple model of Matrix Gravity and study the non- 
geodesic corrections to General Relativity. 

The outline is as follows. In Sect. 2. we develop the kinematics in Matrix 
Gravity. In Sect. 3. we compute the first and second order non-commutative correc- 
tions to the usual Riemannian geodesic flow. In Sect. 4 we find a static spherically 
symmetric solution of the dynamical equations of Matrix Gravity in a particular case 
of commutative 2x2 matrices. In Sect. 5 we evaluate the anomalous acceleration 
of test particles in this background. In Sect. 6 we discuss our results. 

7.2 Kinematics in Matrix Gravity 

7.2.1 Riemannian Geometry 

Let us recall how the geodesic motion appears in General Relativity, that 
is, in Riemannian geometry (for more details, see [201). First of all, let 

F{x,0=^rW\ (7.1) 

where is a non- vanishing cotangent vector at the point x, and = g^^{x)^fj^y (re- 
call that the signature of our metric is (- H h)). Obviously, this is a homogeneous 

function of ^ of degree 1, that is. 



Fix,A^) = AFix,^). 



(7.2) 



219 

Let 

Hix,0 = -\F\x,^) = ^\e^. (7.3) 

This is, of course, a homogeneous polynomial of of order 2, and, therefore, the 
Riemannian metric can be recovered by 

g^\x) = -^H(x,^). (7.4) 

Now, let us consider a Hamiltonian system with the Hamiltonian H{x, ^) 
dxf' dH{x,0 



dt 



= g'\x)^., (7.5) 



The trajectories of this Hamiltonian system are, then, nothing but the geodesies of 
the metric g^y. Of course, the Hamiltonian is conserved, that is, 

g''\x{m,{t)ut) = -E , {1.1) 

where £ is a constant parameter. 



7.2.2 Finsler Geometry 

As it is explained in [|20l 1211 Matrix Gravity is closely related to Finsler 
geometry [[68l rather than Riemannian geometry. In this section we follow the de- 
scription of Finsler geometry outlined in Il68l . To avoid confusion we should note 
that we present it in a slightly modified equivalent form, namely, we start with the 
Finsler function in the cotangent bundle rather than in the tangent bundle. 

Finsler geometry is defined by a Finsler function F{x, ^) which is a homo- 
geneous function of of degree 1 and the Hamiltonian 

H{x,^) = -^-F\x,t). (7.8) 
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Such Hamiltonian is still a homogeneous function of of degree 2, that is, 

^,—H(x,^) = 2H(x,^), (7.9) 



but not necessarily a polynomial in ! 

Now, we define a tangent vector m by 



= — //(x,^), (7.10) 

^^/^ 

and the Finsler metric 

G^\x,^) = -^H(x,0. (7.11) 

The difference with the Riemannian metric is, obviously, that the Finsler 
metric does depend on more precisely, it is a homogeneous function of of 
degree 0, i.e. 

(r\x,A^) = (r\x,^), a. 12) 

so that it depends only on the direction of the covector ^ but not on its magnitude. 
This leads to a number of useful identities, in particular, 

H(x,^) = ^Cr\x,^)^,^y, (7.13) 

and 

u^' = &'\x,^)^y. (7.14) 
Now, we can solve this equation for treating as independent variables 

to get 

^n = G^y{x,u)u' , (7.15) 
where G^y is the inverse Finsler metric defined by 

G,Ax,u)G''\x,0 = K. (7.16) 
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By using the results obtained above we can express the Hamiltonian H in terms of 
the vector u^, more precisely we have 

H{x, ^{x, u)) = ^Gf^y(x, u)u^u^ . (7. 17) 

The derivatives of the Finsler metric obviously satisfy the identities 

Ci Ci 

—G^^ix,^) = —Gy\x,^) = —G'^x,^) , (7.18) 

O^a O^p d^y 

^^,^G''"{x,^) = ^^—G^"(x,^) = , (7.19) 

and, more generally, 

g^"(^,^) = . (7.20) 
This means, in particular, that the following relations hold 



— = G^\x, 0, = u) . (7.21) 



It is easy to see that the metric G^y{x, u) is a homogeneous function of u 
of degree 0, that is, 

u''^Gyc,{x,u) = Q, (7.22) 

and, therefore, H(x, ^(x, uj) is a homogeneous function of u of degree 2. This leads 
to the identities 

^, = l-4zH(x,^{x,u)), (7.23) 
1 

G^yix, w) = 2 Qundu" ^^^' "^^ ■ ^^''^^'^ 
Finally, this enables one to define the Finsler interval 

ds^ = G/jyix, x)dxf^dx^ , (7.25) 
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so that 



dr = ^-ds^ = y/-G„y(x, x)x^'r dt = F(x, £,{x, x))dt , (7.26) 

where 



^ = ^, = G,y(x,x)x''. a. 27) 



By treating H(x, ^) as a Hamiltonian we obtain a system of first order ordinary dif- 
ferential equations 

dx^ dH(x,^) 



dt d^^ 

d^ ^ dH(x,0 
dt dxi" 



(7.28) 
(7.29) 



The trajectories of this Hamihonian system naturally replace the geodesies in Rie- 
mannian geometry. Again, as in the Riemannian case, the Hamiltonian is conserved 
along the integral trajectories 

H(x(t),m) = -E. (7.30) 

Of course, in the particular case, when the Hamiltonian is equal to H{x,^) = 

all the constructions derived above reduce to the standard structure of Riemannian 

geometry. 

7.2.3 Induced Finsler Geometry in Matrix Gravity 

The kinematics in Matrix Gravity is defined as follows. In complete anal- 
ogy with the above discussion we consider the matrix 

A(x,^) = a''\x)^,^,, (7.31) 



223 



where a^^^ is the matrix- valued metric (16.351 ) As we mentioned in the introduction 
this expression has been already encountered in physics, in particular, in Il32l it is 
shown that it is the most general structure describing "analog models" for gravity. 

This is a Hermitian matrix, so it has real eigenvalues hi(x, = 1,2, . . .,N. 
We consider a generic case when the eigenvalues are simple. We note that the eigen- 
values hi{x,^) are homogeneous functions (but not polynomials!) of ^ of degree 2. 
Thus, each one of them, more precisely ^-hi{x, ^), can serve as a Finsler function. 
In other words, we obtain different Finsler functions, and, therefore, A'^ different 
Finsler metrics. Thus, quite naturally, instead of a single Riemannian metric and 
a unique Riemannian geodesic flow there appears N Finsler metrics and A'^ corre- 
sponding flows. In some sense, the noncommutativity leads to a "splitting" of a 
single geodesic to a system of close trajectories. 

Now, to define a unique Finsler metric we need to define a unique Hamil- 
tonian, which is a homogeneous function of the momenta of degree 2. It is defined 
in terms of the Finsler function as in (17.81 ) which is a homogeneous function of the 
momenta of degree 1 . To define a unique Finsler function we can proceed as follows. 
Let }J.i, i = I, . . .,N, be some dimensionless real parameters such that 

N 

J]f^i=U (7.32) 

(=1 

so that there are (A'^ - 1) independent parameters. Then we can define the Finsler 
function by 

N 

Fix,^) = Y,l^i^-hi(x,^). (7.33) 

i=l 

Notice that, in the commutative limit, asx ^ and a'''^ = all eigenvalues of the 
matrix A(x,^) degenerate to the same value, hi(x,^) = |^|^, and, hence, the Finsler 
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function becomes F{x, ^) = In this case the Finsler flow degenerates to the 

usual Riemannian geodesic flow. 

Next, we define the Hamiltonian according to eq. (|7.8I) 



( N 



2 Mi yj-hiix, ^) 
i=i > 

= Ij^^^hiix,^)- fiifijylhi{x,^)hj(x,^). (7.34) 

1=1 \<i<j<N 

In a particular case, when all parameters yu, are equal, i.e. //, = 1 /N, the Finsler 
function reduces to 

^^^'^^ = }^ Z V-^<(^'^) = 7^ tr ^|-Mx,^). (7.35) 



(=1 



By using the decomposition of the matrix-valued metric a'^" (16.351) one can see that 



and, therefore. 



UrA(x,0 = \e'., 



1 ^ 

-Yjh^ix,^) = \^\\ 
(=1 



(7.36) 



(7.37) 



Thus, we conclude that in this particular case 



^hi{x,^)hj{x,0 



i<i<j<N 



(7.38) 



It is difficult to give a general physical picture of these models since the 
Hamiltonian is non-polynomial in the momenta. Hamiltonian systems with homo- 
geneous Hamiltonians have not been studied as thoroughly as the usual systems with 
quadratic Hamiltonians and a potential. 
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7.2.4 Kinematics 



The problem is, now, how to use these mathematical tools to describe the 



motion of physical massive test particles in Matrix Gravity. The motion of a massive 
particle in the gravitational field is determined in General Relativity by the action 
which is proportional to the interval, that, is. 



where m is the mass of the particle. Pi and P2 are the initial and the final position 
of the particle in the spacetime, ns a parameter, ti and ?2 are the initial and the final 
values, x'^ = ^ and |ip = gijy(x)x^x^ . This action is, of course, reparametrization- 
invariant. So, as always, there is a freedom of choosing the parameter t. We can 
always choose the parameter to be the affine parameter such that |xp is constant, 
for example, if the parameter is the proper time t = r, then |ip = -1. The Euler- 
Lagrange equations for this functional are, of course. 



where F^'q./s are the standard Christoff'el symbols of the metric g^^v Of course, the 
equivalence principle holds since these equations do not depend on the mass. 

In Matrix Gravity a particle is described instead of one mass parameter m 
by diff'erent mass parameters 




(7.39) 



Di^ (fx" 



+ Y\p{x)x"jJ' = 0, 



(7.40) 



dt df 



Mi = mjXi , 



(7.41) 



where 



N 




(7.42) 



1=1 
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The parameters m, describe the "tendency" for a particle to move along the trajectory 
determined by the corresponding Hamiltonian hi(x, In the commutative limit we 
only observe the total mass m. 

We define the Finsler function F{x, ^) and the Hamiltonian H{x, ^) as in 
eqs. (17.331) and (17.341) . Then the action for a particle in the gravitational field has the 
form 

particle = " mF{x, ^{x, x)) dt . (7.43) 

Thus, the Finsler function F{x,^{x,x)) (with the covector expressed in terms of 
the tangent vector x'^) plays the role of the Lagrangian. To study the role of non- 
commutative corrections, it is convenient to rewrite this action in the form that re- 
sembles the action in General Relativity. 

5* particle = - ^ m^e(x, x) yl-\x\^dt , (7.44) 

with some "effective mass " meff(x, x) that depends on the location and on the veloc- 
ity of the particle 

^ l hi(x,^(x)) 
nieffix, = 2j ^| • (7.45) 



This action is again reparametrization-invariant. Therefore, we can choose 
the natural arc-length parameter so that F{x,^{x,x)) = 1. Then the equations of 
motion determined by the Euler-Lagrange equations have the same form 

^ + rV-^,i)i"i^ = 0, (7.46) 

where y^a/i(x, ^) are the Finsler Christoffel coefficients defined by the equations that 
look identical to the usual equations but with the Finsler metric instead of the Rie- 
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mannian metric, that is, 

1 Id d ^ \ 

yal3{x,x) = -G'\x,^{x,x))[—Gyii{x,x) + —Gya{x,x) - — G„^(x,x)j . 

(7.47) 

To study the role of non-commutative corrections it is convenient to rewrite 
these equations in a covariant form in the Riemannian language. In the commutative 
limit, as — > 0, we can expand all our constructions in power series in k so that the 
non-perturbed quantities are the Riemannian ones. In particular, we have 

x) = Y\p{x) + ^^p{x, x) , (7.48) 

where O^ap are some tensors of order x. Then the equations of motion can be written 
in the form 

Dx^ 

— =A^„Jx,i), (7.49) 

where 

Dx" (fjd" 

and 

A^„„(x, X) = -9\p{x, x)i-i^ , (7.51) 
is the anomalous nongeodesic acceleration. 

7.3 Perturbation Theory 

We see that the motion of test particles in matrix Gravity is quite different 
from that of General Relativity. The most important difference is that particles ex- 
hibit a non-geodesic motion. In other words, there is no Riemannian metric such that 
particles move along the geodesies of that metric. It is this anomalous acceleration 
that we are going to study in this chapter. 
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In the commutative limit the action of a particle in Matrix Gravity reduces 
to the action of a particle in General Relativity with the mass m determined by the 
sum of all masses m,. In this chapter we consider two different cases. In the first 
case, that we call the nonuniform model, we assume that all mass parameters are 
different, and in the second case, that we call the uniform model, we discuss what 
happens if they are equal to each other. 

7.3.1 Nonuniform Model: First Order in % 

So, in this section we study the generic case when the parameters yu, are 
different. As we already mentioned above, in this case the Finsler function F{x, ^) is 
given by (17.331 ). By using the decomposition a^" = g^^l + xh^" of the matrix- valued 
metric a'^" we have 

A{x, ^) = a>'\x)^,^y = + Kh^\x)^,^, . (7.52) 

Therefore, the eigenvalues of the matrix A{x, ^) are 

hi{x,0 = \^\^ + xAi{x,0, (7.53) 

where Ai{x, ^) are the eigenvalues of the matrix h^^{x)^^^y. In the first order in x we 
get the Finsler function 

and the Hamiltonian 



H(x,^) = ^\^\'- + x^P{x,^) + 0(K^), 



(7.55) 
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where 

N 

P(x,^) = J]fiMx,^). (7.56) 

(=1 

By using the fact that P(x, ^) is a homogeneous function of ^ of order 2, we find the 

Finsler metric 

G^\x, ^) = g>'\x) + xq^\x, ^) + 0{K^) , (7.57) 

and its inverse 

Gi,y(x, u) = g^y{x) - xqi,y(x, ^{x, u)) + O(x^) , (7.58) 

where 

q'\x,0 = \-^P{x,^). (7.59) 
Here the indices are raised and lowered with the Riemannian metric, and 

M^(x, = G^\x, , ^^(x, u) = G^y(x, u)u' . (7.60) 

Since P(x, ^) is a homogeneous function of ^ of order 2 we have 

P(x,0 = q^\x,^)^,^y. (7.61) 

Note that since trh^^ = the matrix h^^^n^y is traceless, which implies that the 
sum of its eigenvalues is equal to zero. Thus, in the uniform case, when all mass 
parameters //, are the same, the function P{x, ^) vanishes. In this case the effects 
of non-commutativity are of the second order in x; we study this case in the next 
section. 

We also note that 

I^P = |Mp - lxP{x, ^{x, u)) + 0(x^) . (7.62) 
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Thus, our Lagrangian is 

F{x, ^(x, X)) = VH^ [l-K^- ^^-''g^^' j + Oix') , (7.63) 

Finally, we compute the ChristofFel symbols to obtain 

ff'a/iix, x) = -^^Z" (Va^/jy(x, x) + Vpqavix, x) - V^q^pix, i)) + 0{k^) , (7.64) 

and the covariant derivatives are defined with the Riemannian metric. 
Thus, the anomalous acceleration is 

A^nom = {2V,qp,{x, X) - Vyq^pix, x)) x^xP + 0{K^) , (7.65) 
7.3.2 Uniform Model: Second Order in x 

So, in this section we will simply assume that all mass parameters are 
equal, that is, 

m 

m, = - . (7.66) 

In this case the Finsler function F(x,^) is given by (|7.35l) . By using the decom- 
position of the matrix- valued metric and the fact that trM'" = we get the Finsler 
function 

and the Hamiltonian 

H(x,^) = l|^|2|l-P,2l5.v.,(^)^f^j + o(;.^), (7.68) 



where 



5^""^ = -tr(M'*^). (7.69) 
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By using the above, we compute the Finsler metric 

G^\x, ^) = g^\x) - As^^'^^x)^-^ + 0(k') , (7.70) 

and its inverse 

1 u"u^ 

G^y(x, u) = g^y(x) + x^-S^y„p(x)—-^ + 0(x^) . (7.71) 

We also note that 

1^1' = + X'lf.yapix)—^ + 0(X') . (7.72) 

Thus, our Lagrangian is 

F(x,^(x,x)) = VH^(i + x'^5^v,^(x)^^^^^^^j + 0(x') , (7.73) 

Finally, we compute the ChristofFel symbols to obtain 

1 / \ x^x"' 

e^a^ix, x) = x^-g^" (V„5^vpcr + V^5,,p, - VyS^ispo-) + 0(x') . (7.74) 

Thus, the anomalous acceleration is 

A^anom = -yg'^" (2V„5^vpcr " ^^ySaPpa) ^^^T^ + 0(x^) , (7.75) 

Notice that with our choice of the parameter t we have F(x, ^(x, ^)) = 1, and, there- 
fore, in the equations of motion we can substitute with the same accuracy 

I^P = -1 + 0(x^) , |jcp = -1 + 0(x^) . (7.76) 

Therefore, we obtain finally 

A'^anom = —S"" {^'^aSfiypa " Vv^.^p,) i^X^X^i^ + 0(x') . {1.11) 
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7.3.3 Non-commutative Corrections to Newton's Law 

Now, we will derive the non-commutative corrections to the Newton's 
Law. We label the coordinates as 

/ = r, =r, = e, =(p, (7.78) 

and consider the static spherically symmetric (Schwarzschild) metric 

ds^ = -U(r)dt^ + U-\r)dr^ + r^{de^ + sin^ 6* V) . (7-79) 

where 

U{r) = 1 - ^ . rg = 2GM , (7.80) 

and M is the mass of the central body. It is worth recalling that here t is the coor- 
dinate time. In the previous sections we used t to denote an affine parameter of the 
trajectory that we agreed to choose to be the proper time. In the present section we 
use T to denote the proper time and t to denote the coordinate time. 

The motion of test particles in Schwarzschild geometry is very well stud- 
ied in General Relativity, see, for example If82l . Assuming that the particle moves in 
the equatorial plane 6 = njl away from the center, that is, dr/dr > 0, the equations 
of motion have the following integrals [l82ll 

dT mU (r) 



dT V \ / 

do n 

^ = — = 0, 6=-, (7.83) 

dT 2 

x' = ^^ = (7.84) 

dT m 

(7.85) 



233 



where m, L, and E are the mass of the particle, its orbital momentum and the energy. 
In the non-relativistic limit for weak gravitational fields, assuming 

E = m + E' , (7.86) 

with E' « m, and r » Vg one can identify the coordinate time with the proper 
time, so that 

= — = \. a. SI) 

Further, for the non-relativistic motion we have r, r9,r(p « 1, and the radial veloc- 
ity reduces, of course, to the standard Newtonian expression 



, dr IE' L2 1 r„ ^ 
xi = — = J + (7-88) 



which for L = becomes 



, dr IE' r„ ^ 

x' = — = J + (7.89) 

dr y m r 

It is worth stressing that the anomalous acceleration due to non-commutativity 
in the non-relativistic limit can be interpreted as a correction to the Newton's Law. 
Assuming that a particle is moving in the equatorial plane, = n/2, with zero orbital 
momentum, (p = const, the equation of motion is 



d^r d_ 

dr 
GM 



df = -Jr^^'^'^ 



2 +A'-anom, (7.90) 

where in the uniform model 



A\,or.= '^drS'^ + 0{K^), (7.91) 
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with = ■^tr/z""/z"°, and in the non-uniform model 

A\,,^ = ~drq'' + 0(x^), (7.92) 

with (5r"° being the component of the tensor q^" defined by (I7.59I ). This gives the 
non-commutative corrections to Newton's Law: in the uniform model, 

Kff(r) = - ^S'^ir) + 0{k') , (7.93) 

r 8 

and, in the nonuniform model, 

Kff(r) = -^ + VV) + 0(x^). (7.94) 
r 2 

Here, of course, the tensor components S and cf^ should be obtained by the so- 
lution of the non-commutative Einstein field equations (in the perturbation theory). 

7.3.4 Static Spherically Symmetric Solutions 

In the present chapter we study the eff'ects of Matrix Gravity in the sim- 
plest possible case restricting ourselves to a commutative algebra. The commutativ- 
ity assumption enormously simplifies the dynamical equations. By recalling equa- 
tion (15.421) it is easy to show that in this case the dynamical equations look exactly 
as the Einstein equations in the vacuum 

%y = A^v , (7.95) 
where 'Rjjy is the matrix- valued Ricci tensor defined by 'Rjjy = K"^av 

In this section we are going to study, in particular, a static spherically 
symmetric solution of the equation (17.951 ). We present the matrix-valued metric a^^ 
by writing the "matrix- valued Hamiltonian" 



(^2)' + 

sm^ 



(7.96) 
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or the "matrix- valued interval" 



b^ydx^dx' = A-\r)dt^ + B-\r)d? + I ? [dO^ + ^.m^Od^p^) , (7.97) 

where the coefficients A(r) and B{r) are commuting matrices that depend only on 
the radial coordinate r. This simply means that we choose the following ansatz 



,00 



-.22 



A 
1 



I 



-.33 



1 



sin^ 



(7.98) 



Next, by computing the connection coefficients and the matrix-valued 
Ricci tensor we obtain the equations of motion 



= A-^B -A'^A" - -A-^{A'y + -A-^A'B-^B' + -A~^A' = AA~^ , 
[2 A A '"J 

(7.99) 

= -A-^A" - -A-^{A'f + -A~^A'B^^B' - -B'^B' = AB'^ , (7.100) 



n 
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--B' -B + -BA-^A' + I = Ar^ • I , 
2 2 



:^33 = sin^ e = Ar^ sin^ 9 ■ I 



(7.101) 
(7.102) 



where the prime denotes differentiation with respect to r. 

By using the equations (17.991 ) and (17.1001) we find 



A'^A' + B-^B' = 



(7.103) 



the general solution of this equation is 



A{r)B(r) = C, , 



(7.104) 
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where Ci is an arbitrary constant matrix from our algebra. We require that at the 
spatial infinity as r ^ oo the matrices A and B and, therefore, the matrix C as well, 
are non-degenerate. 

By using this relation we obtain further from eqs. (|7.100|) and (I7.101|) two 
compatible equations for the matrix B 

B" + -B' + 2A = 0, (7.105) 
r 

and 

rB' + B = (I - Ar^)I . (7.106) 
The general solution of the eq. (17.1061) is 

5(r) = |l-iAr2jl+lc2, (7.107) 

where C2 is another arbitrary constant matrix from our algebra. It is not difficult to 
see that this form of the matrix B also satisfies the eq. (17.1051) . The matrix A is now 
obtained from the equation (|7.104l) 

(7.108) 

We will also require that in the limit x ^ we should get the standard 
Schwarzschild solution with the cosmological constant 

B{r) = -A-\r) = |l - ^Ar^ - ^jl, (7.109) 

where is the gravitational radius of the central body of mass M, 

rg = 2GM, (7.110) 

that is, in that limit the matrices E and C should be 

Ci = -I, C2 = -rJ. (7.111) 



A(r) = Ci 



l-iAA.ic2 
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7.3.5 2x2 Matrices 

To be specific, we restrict ourselves further to real symmetric 2x2 matrices 
generated by 

I = (i?], ^ r-lrA. (7.112, 



^01/' — \ 1 , 

In this case the constant matrices Ci and C2 can be expressed in terms of four real 
parameters 

Ci=al + 9T, C2=iA + Lt, (7.113) 

where 6 = x9 and L = xL are the parameters of first order in the deformation 
parameter x. Here the parameters a and 9 are dimensionless and the parameters fi 
and L have the dimension of length. 

Then the matrix B(r) has the form 

5(r) = |l-iArH^jl + ^T. (7.114) 
Next, noting that = I, and by using the relation 

(al + br)-' = (al - br) , (7.1 15) 

we obtain the matrix A(r) 

A{r) = ip{r)l + il/{r)T, (7.116) 

where 

= 7^ — ' (^-^^^^ 

= 7^ ,2 ' • (7-118) 

(l-iAr^ + ^.f-g 
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The parameters a, 6, jx and L should be determined by the boundary con- 
ditions at spatial infinity. The question of boundary conditions is a subtle point since 
we do not know the physical nature of the additional degrees of freedom. We will 
simply require that the diagonal part of the metric is asymptotically De Sitter. This 
immediately gives 



and require that for « r « ro, the diagonal part of the metric, more precisely, 
the function (p{r) is asymptotically Schwarzschild, that is. 



a = -l. 



(7.119) 



Now, we introduce a new parameter 



ro = |A|-^^\ 



(7.120) 




(7.121) 



This fixes the parameter ^ 



jj. = -rg + OL . 



(7.122) 



The parameters 6 and L remain undetermined. 



Finally, by introducing new parameters 



p = (1 + e^)L - 9r^ 



g 



(7.123) 



r, = r„-(0+l)L 



(7.124) 



we can rewrite our solution in the form 




(7.125) 
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(7.126) 



[r - \Ar^ - r_] [r - \Ar^ - r+] ' 



Of course, as ;< ^ both parameters L = xL and 6 = xO vanish and we get the 
standard Schwarzschild solution with the cosmological constant. 

Notice that the matrix-valued metric a^^ becomes singular when the ma- 
trices A and B are not invertible, that is, when 



Recall that the standard Schwarzschild coordinate singularity, which de- 
termines the position of the event horizon, is located at r = r^. The presence of 
singularities depends on the values of the parameters. We analyze, now, the first eq. 
in (17.1281) . In the case A < the polynomial has one root if r > and does not 
have any roots if r_ < 0. In the case A > it is easy to see that: i) if r_ > (2/3)ro, 
then there are no roots, ii) if < r„ < (2/3)ro, then the polynomial has two roots, 
and ii) if r_ < 0, then the polynomial has one root. The same applies to the second 
eq. in (l7J28l) . 

We emphasize that there are two cases without any singularities at any 
finite value of r. This happens if either: a) A < and r+ < 0, or b) A > and 
r+ > (2/3)ro. This can certainly happen for large values of \6\ and \L\. In particular, 
if 6 and L have the same signs and 



det A(r) = . 



(7.127) 



The solutions of this equation are the roots of the cubic polynomials 



r Ar^ - = 



and r Ar^ - r+ = 



(7.128) 




(7.129) 
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then both r+ are negative, r+ < 0, and if and L have opposite signs and 

2 

\e\>\ + ~^^^^—^, (7.130) 

then r+ > (2/3)ro. This is a very interesting phenomenon which is entirely new and 
due to the additional degrees of freedom. 

We would like to clarify some points. The parameters /i, introduced in 
the previous sections describe the properties of the test particle, that is, the matter. 
The parameters 6 and p introduced in the static and spherically symmetric solution 
of non-commutative Einstein equations describe the properties of the gravitational 
field, that is, the properties of the source of the gravitational field, that is, the central 
body. The parameters 6 and p are not related to the parameters //,-. 

7.4 Anomalous Acceleration 

In this section we are going to evaluate the anomalous acceleration of 
non-relativistic test particles in the static spherically symmetric gravitational field of 
a massive central body. 

All we have to do is to evaluate the components of the anomalous ac- 
celeration (17.771) . As we will see the only essential component of the anomalous 
acceleration is the radial one A'^anom- AH other components of the anomalous accel- 
eration are negligible in this limit. As we will see below, the anomalous acceleration 
is caused by the radial gradient of the component of the matrix-valued metric, 
which is 

xh^ = if/{r)T, (7.131) 

where i/^(r) is given by (17.1261) . Our analysis is restricted to the perturbation theory 
in the deformation parameter x (first order in k in the non- uniform model and second 
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order in n in the uniform model). That is, we should expand our result in powers of 
p and Q and keep only linear terms in the non-uniform model and quadratic terms in 
the uniform model. 

For future use we write the function i/r(r) in the first order in the parameter 

'^(^) = ^ —T + ) ' (7.132) 

r - iAr3 - 



and for r « ro 

r(Qr + p) 
(r - r^) 

and, finally, for « r « ro. 



^{r) = e-r- + 0(%^) . (7.134) 
r 

We would like to emphasize at this point that the perturbation theory we 
are going to perform is only valid for small corrections. When the corrections be- 
come large we need to consider the exact equations of motion (|7.51l) . 

7.4.1 Uniform Model 

In the non-relativistic limit the formula for the anomalous radial accelera- 
tion (17.911 ) gives 

A'-anom = ^(AWW + 0(?<^) . (7.135) 

The derivative of the function i/^(r) is easily computed 

«A'(r) = a;(r)(A(r), (7.136) 
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where 

1 , g(l-Ar^) I - 
a»(r) = - + — ■ ; . (7.137) 

r e[r-\Ar^)+p r - \hr^ - r - \Ar^ - 

Thus, we obtain finally 

A'-anom = ^ilf\r)oj{r) + 0{x^) . (7.138) 

Recall that the parameters p and 9 are of first order in x. Strictly speaking 
we should expand this formula in p and 6 keeping only quadratic terms; we get 



-2r(l - Ar^) 



0|r- -^Ar^l +p 



+ 0(%^). (7.139) 



For r « ro (that is, \A\r « 1) this becomes 

1 r (^r + p) [(p + 2er,)r + pr, - f ^Ar^l 

A'-anom = ^ Z ^ ' ^- + 0(x') . (7.140) 

4 (r - rgf 

We need to keep the term linear in A since we do not know the values of the param- 
eters 6 and p. Finally, for << r << ro we obtain 

A'anom = + ^) " 3 ^Ar + 6>(x^) ■ (7.141) 



7.4.2 Non-uniform Model 

Similarly, in the non-uniform model the anomalous acceleration is given 
by eq. (17.921 ). In the 2x2 matrix case considered above the eigenvalues of the matrix 

/^"^^p^vare 

^1,2 = ±^tr(/i^V)^^^v. (7.142) 
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Therefore, 



where 



7 = }^i-m 



(7.143) 



(7.144) 



Thus 



So, we obtain 



xq^ = yil/{r) . 



(7.145) 



(7.146) 



Thus 



= -^^il,{r)oj{r) + 0{K'). 



(7.147) 



Now, we recall that p and 6 are of first order in x and expand in powers of 
p and 9 keeping only linear terms 



4'" 

anom 



1 



r 



(r - I Ar3 - rg) 



-2r(l - K?) 



r - -Ar - r, 



e\2r--Ar'\+p 



e\r- -Ar'l+p 



(7.148) 



In the case r « ro (when |A|r^ « 1) this takes the form 

1 [(p + 2erg)r + prg - jOAr^] 



A' = -y- 

anom 2' 



(r-r„)3 



(7.149) 



Finally, for « r « ro we obtain 



A' = -y 

anom 2 ' 



(7.150) 
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7.5 Conclusions 

In this chapter we described the kinematics of test particles in the frame- 
work of a recently developed modified theory of gravitation, called Matrix Gravity 
[fT9ll20ll2T1l . We outlined the motivation for this theory, which is a non-commutative 
deformation of General Relativity. Matrix Gravity can be interpreted in terms of a 
collection of Finsler geometries on the spacetime manifold rather than in terms of 
Riemannian geometry. This leads, in particular, to a new phenomenon of splitting of 
Riemannian geodesies into a system of trajectories (Finsler geodesies) close to the 
Riemannian geodesic. More precisely, instead of one Riemannian metric we have 
several Finsler metrics and different mass parameters which describe the tendency 
to follow a particular Finsler geodesies determined by a particular Finsler metric. 
As a result the test particles exhibit a non-geodesic motion which can be interpreted 
in terms of an anomalous acceleration. 

By using a commutative algebra we found a static spherically symmetric 
solution of the modified Einstein equations. In this case a completely new feature 
appears due to the presence of additional degrees of freedom. The coordinate sin- 
gularities of our model depend on additional parameters (constants of integration). 
Interestingly, there is a range of values for these free parameters in which no singu- 
larity occurs. This is just one of the intriguing differences between Matrix Gravity 
and General Relativity. 

The description of matter in Matrix Gravity needs additional study. In 
this chapter we studied just the behavior of classical test particles. We propose to 
describe a gravitating particle by several mass parameters rather than one parameter 
as in General Relativity. We considered two models of matter: a uniform one, in 
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which all mass parameters are equal, and a non-uniform one, in which the mass 
parameters are different. The choice of one model over the other should be dictated 
by physical reasons. It is worth emphasizing that in the generic non-uniform model 
the equivalence principle is violated. 

The interesting question whether the matter is described by only one mass 
parameter or more than one mass parameters as well as the more general question 
of the physical origin of multiple mass parameters requires further study. Since we 
do not know much about the physical origin of the color masses, we do not assume 
that they are positive. We do not exclude the possibility that some of the mass 
parameters can be negative or zero. This would imply, of course, that in this theory 
there is also gravitational repulsion (antigravity). This could help solve the problem 
of the gravitational collapse in General Relativity, which is caused by the infinite 
gravitational attraction. 



CHAPTER 8 



A MODEL FOR THE PIONEER ANOMALY^ 

Abstract 

In a previous work we showed that massive test particles exhibit a non- 
geodesic acceleration in a modified theory of gravity obtained by a non-commutative 
deformation of General Relativity (so-called Matrix Gravity). We propose that this 
non-geodesic acceleration might be the origin of the anomalous acceleration experi- 
enced by the Pioneer 10 and Pioneer 1 1 spacecrafts. 

8.1 Introduction 

The Pioneer anomaly has been studied by many authors (see Il2l [3l [65l [67l 
1571 iTTll and the references in these papers) and it has a pretty strong experimental 
status ||60l . It exhibits itself in an anomalous acceleration of the Pioneer 10 and 1 1 
spacecrafts in the range of distances between 20AU and 50AU (~ lO'^^cm) from the 
Sun. The acceleration is directed toward the Sun and has a magnitude of [|2l[3]| 

^anom « (8-74 ± 1.33) X lO'Ws' • (8.1) 

In the last years there have been many attempts to explain the Pioneer anomaly by 
modifying General Relativity (see, for example, [l65l and the references therein). 

*The material in this chapter has been published as a preprint: I. G. Avramidi and G. Fucci, A 
Model for the Pioneer Anomaly, arXiv: 0811.1573 [gr-qc] 
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However, there is also some evidence [iTTll that it could not be explained within 
standard General Relativity since it exhibits a non-geodesic motion. That is, it cannot 
be explained by just perturbing the Schwarzschild metric of the Solar system. It 
seems, from the analysis of the trajectories, that the spacecrafts do not move along 
the geodesies of any metric. Another puzzling fact is that there is no measurable 
anomaly in the motion of the planets themselves, which violates the equivalence 
principle. In other words, the heavy objects like the planets, with masses greater 
than ~ lO^^g, do not feel any anomaly while the smaller objects, like the Pioneer 
spacecrafts, with masses of order ~ lO^g, do experience it. 

There are also some interesting numerical coincidences regarding the Pio- 
neer anomaly (noticed in [63] as well). Recall that the cosmological distance, which 
can be defined either by the Hubble constant H or by the cosmological constant A, 
is of order 

ro-^--^- lO^^cm (8.2) 
H Va 

and the Compton wavelength of the proton is of order 

ri~^~10-"cm. (8.3) 
nipC 

Now, we easily see, first of all, that there is the following numerical relation 

,2 



r\ \ r. 



(8.4) 



where ranom ~ 10 cm is the distance at which the anomaly is observed. This means 
that 
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Secondly, the characteristic distance determined by the value of the anomalous ac- 
celeration, Aanom ~ 10~^cm/sec^, is of the same order as the cosmological distance 

r2~- lO^^cm, (8.6) 

■'^anom 

which simply means that 

A.^.^-Hc-c^yni. (8.7) 

It is very intriguing to speculate that the Pioneer effect is the result of some kind 
of interplay between the microscopic and cosmological effects at the macroscopic 
scales. 

In this chapter we apply the investigation of motion of test particles in 
an extended theory of gravity, called Matrix Gravity, initiated in [|26l to study the 
anomalous acceleration of Pioneer 10 and Pioneer 11 spacecrafts. 

We would like to stress that this study is just a first attempt to analyze the 
phenomenological effects of Matrix Gravity. We do not claim that this simple model 
definitely solves the mystery of the anomaly. Our aim is just to propose another 
candidate for its origin. Only future tests and more detailed models can describe 
the Pioneer anomaly in full capacity. This work does not represent the final answer, 
but just a first attempt of studying this phenomenon within the framework of Matrix 
Gravity. 

8.2 Anomalous Acceleration in Matrix Gravity 

The anomalous non-geodesic acceleration was derived within perturbation 
theory in the deformation parameter in [|26ll and presented in the previous Chapter. 
We study the two cases mentioned above. 
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We consider a simple model of 2x2 real symmetric commutative matrices. 
The static spherically symmetric solution of the matrix Einstein equations for this 
model was obtained in [1261 . By using the results on the motion of test particles 
obtained in Chapter 7, and by recalling that in the non-relativistic limit the only 
essential component of the anomalous acceleration is the radial one A'^anom, we obtain 
for the uniform model 



]_d_ 



"TT^ + fiir) - 29f2{r) + (^/i(r) + (1 + e^)f2(r)j 



and for the non-uniform model, 



anom 



ld_ 



1 



+ {ye-\)f,{r) + y{\ + eff2{r) 



1 - ^ 

r 

In this last formulas we have introduced the functions 

1 T r„ 
u{r) = l--Kr^-^, 
3 r 



and 



fi{r) = 



fiir) = 



u{r) 



[u{r) + {e+l)i;][u{r) + {e-l)^] ' 



(8.8) 



(8.9) 



(8.10) 



(8.11) 



(8.12) 



[u{r) + {e+l)^][u{r) + {e-l)^] ' 
We would like to emphasize at this point that the perturbation theory is 
only valid for small corrections. Obviously, when the corrections become large one 
needs to consider the exact equations of motion. 



8.3 Pioneer Anomaly 

We have two free parameters in our model, 6 and L (and y in the non- 
uniform model). We estimate these parameters to match the value of the observed 
anomalous acceleration of the Pioneer spacecrafts. 
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First of all, we recall the observed value of the cosmological constant 
A X 2. 5-10"^^cm~^; therefore, ro « lA]"'^^ = 6.3- lO^^cm, and the gravitational radius 
of the Sun « 1.5 • lO^cm . The relevant scale of the Pioneer anomaly is ranom ~ 
10'"*- lO'^cm, therefore, we can restrict our analysis to the range << r « tq. The 
values of the dimensionless parameters are — ~ 10'^, — ~ 10"^^, and — ~ 10"^^. We 
also recall that the value of the anomalous acceleration is A'l„^,^ ^ 8.7 • 10 **cm/s^ . 
We should stress that our analysis only applies to the range of distances relevant 
for the study of the Pioneer anomaly. Therefore, strictly speaking, from a formal 
point of view, one cannot extrapolate our equations beyond this interval. Since the 
parameters '-f, and ^ are negligibly small (compared to 1) they can be omitted. 

By using the eqs. (fOl) and (fOI ). and by defining p = (1 + e^)L - Org, we 
obtain ll26l (in the usual units, c being the speed of light) for « r « tq: in the 
uniform model. 



3 



2 --OAr\, (8.13) 



and in the non-uniform model. 



(p + 2er„ 2 , 



Uniform Model. First, we restrict to the case of vanishing cosmological 
constant. Then the function (18.131 ) takes the form 



It has an extremum if the signs of 6 and p are different, which occurs at = -|| 
and is equal to 

ALom(r.) = -^ ^ ' ■ (8.16) 
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Now, we assume that ~ ranom ~ 10^"^ cm and Al^^^(r^) 10 ^cm/sec^ to esti- 
mate the parameters 

p~10'cm, 9~-l0-\ (8.17) 

If we leave the cosmological constant there is another range of parameters 
that should be investigated. Namely, when the term becomes comparable with 
the term ^. In this case the anomalous acceleration can be written, by dropping 
negligible terms, as 



AWr) = -—\-^ + —n. (8.18) 



2 

We note that the term ^ gives the right magnitude of the anomalous ac- 
celeration. If we assume that the two terms in the parentheses are comparable at the 
characteristic length ranom and are of order 1, then we get an estimate 



^3 



""'^""■"e and 9~l — \ , (8.19) 



\ ' anom 

and, therefore, 

p ~ IQ-^cm and ~ 10\ (8.20) 

Nonuniform Model. In the non-uniform model we have an additional pa- 
rameter y. The function has an extremum at 

Now, we assume that r* ~ ranom ~ 10^'*cm; then 
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Further, by assuming A''anom('"*) 10 ^cm/sec^ and using the eq. we estimate the 

parameter y 

7-10^^ (8.23) 

It is interesting to notice that, in this case, pl6 has the same order of mag- 
nitude of the Compton wavelength of the proton. Moreover, by using (18.221 ), we 
confirm the coincidence (|8.5I) mentioned in the introduction. This is very intrigu- 
ing; it allows one to speculate that the anomalous acceleration could be a result of 
an interplay between the microscopic and macroscopic worlds; in other words, the 
Pioneer anomaly could be a quantum effect. 

8.4 Conclusions 

In this chapter we applied the kinematics of test particles f26l in Matrix 
Gravity [|20l |2T1 to the study of the Pioneer anomaly. 

We considered two models: a uniform one, in which a particle is described 
by a single mass parameter, and a non-uniform one, in which a particle is described 
by multiple mass parameters. The choice of one model over the other should be 
dictated by physical reasons. The interesting question of whether the matter is de- 
scribed by only one mass parameter or more than one mass parameters requires 
further study. If the Pioneer anomaly is a new physical phenomenon we have to ac- 
cept the fact that the equivalence principle does not hold. If this is the case, a model 
with different mass parameters (violating the equivalence principle) would be more 
appropriate to describe the motion of test particles in the Solar system. 



CHAPTER 9 



CONCLUSIONS 



In this work we carried out a detailed study of two major subjects. The 
first part of this Dissertation is devoted to the study of non-perturbative aspects of 
quantum electrodynamics on Riemannian manifolds by mainly utilizing heat kernel 
asymptotic expansion techniques. The second part focuses on the analysis of low 
energy aspects of a newly developed theory of the gravitational field called Matrix 
Gravity. 

In the following we will present a summary of the main results obtained 
in this work and we will also describe some ideas for future directions of research. 

9.1 Summary of the main results 

It is needless to say that non-perturbative results are of fundamental im- 
portance in Physics. On one hand, the techniques used to obtain such results are 
very interesting from the mathematical point of view and, on the other hand, com- 
pletely new physical phenomena, which are not predicted in perturbation theory, 
can be discovered. Here, we will present a list of the main results obtained in this 
Dissertation. 

1. We established the existence of a new type of non-perturbative asymptotic 
expansion for the heat kernel for the Laplacian, and its trace, on homogeneous 
Abelian bundles. 
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2. We developed a new perturbation theory for the Laplacian, the heat semigroup 
and the heat kernel for the case in which the [/(I) curvature (electromagnetic 
field) is much stronger than the Riemannian curvature. 

3. We explicitly evaluated the universal tensor functions in the heat kernel coef- 
ficients. They are analytic functions of the dimensionless quantity tF. These 
universal functions were not known in the literature and they have been eval- 
uated here for the first time. 

4. We evaluated, for the first time, the first three non-diagonal heat kernel asymp- 
totic coefficients, in (13.2191 ). (13.2201 ) and (13.2211 ) in powers of the Riemannian 
curvature and in terms of the new universal tensor functions. 

5. We found the first three diagonal heat kernel asymptotic coefficients in (13.2241) . 
(13.2371 ) and (13.2381 ) in powers of the Riemannian curvature and in terms of the 
new universal tensor functions. This result is completely new and it has been 
presented here for the first time in the literature. 

6. We proved, here, that all the off-diagonal odd-order heat kernel asymptotic 
coefficients are odd order polynomials in the normal coordinate u, and, there- 
fore, they vanish on the diagonal. 

7. We developed an algebraic framework for the calculation of the heat kernel 
asymptotic coefficients which only relies on the algebra of the commutators of 
the relevant operators. 

8. We proved, in this work, that the new non-perturbative heat kernel asymptotic 
coefficients can be written in terms of polynomials that we called generalized 



255 



Hermite polynomials. For these polynomials we found the generating function 
and evaluated explicitly the first six polynomials. 

9. We proved a formula that gives the n-th power of the sum of two operators 
which satisfy the Heisenberg algebra, in terms of a finite sum involving powers 
of the operators and powers of their commutator. 

10. We evaluated the imaginary part of the effective action for both scalar and 
spinor fields in a n-dimensional curved spacetime under the influence of a 
strong electromagnetic field. 

11. We explicitly evaluated the coefficient linear in the Riemannian curvature, 
&2(0> of the heat kernel asymptotic expansion. By using this coefficient, we 
found the imaginary part of the effective action, of zeroth and first order in 
the Riemannian curvature, non-perturbative in the electromagnetic field, in 
n-dimensions. 

12. We generalized the classical result obtained by Schwinger for the creation of 
pairs in the electromagnetic field: For the first time in literature, we found an 
expression for the creation of scalar and spinor particles in curved spacetime 

induced by the gravitational field. This essentially non-perturbative eff'ect in 
curved spacetime was completely unknown and it has been found here for the 
first time. 

13. We explicitly evaluated the imaginary part of the eff"ective action for both 
scalar and spinor fields in a number of different interesting limiting cases: 

• The physical dimension: n = A. 
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• Massless limit (Supercritical Electric Field): « E, B. 

• Pure electric field: B <^ m^, E, inn dimensions and n - 4. 

14. We have discovered new infrared divergences in the imaginary part of the 
effective action for massless spinor fields in four dimensions (or supercritical 
electric field), which is induced purely by the gravitational correction. 

15. In this work, we obtained, for the first time in literature, the dynamical equa- 
tions for Matrix General Relativity in absence of matter by varying a general- 
ization of the Hilbert-Einstein action. 

16. We proposed an action to describe non-commutative matter and we derived, 
for the first time, the non-commutative Einstein equations in presence of mat- 
ter. 

17. We evaluated the action of Spectral Matrix Gravity in the weak deformation 
limit up to the second order in the deformation parameter. Namely, up to 
quadratic terms in the Riemannian curvature. 

18. We evaluated, for the first time, the dynamical equations for Spectral Matrix 
Gravity in the weak deformation limit, and we found the spectrum of the the- 
ory on a DeSitter background. 

19. We proposed a model for kinematics of test particles in Matrix Gravity. In 
particular we proposed that test particles are described by several mass pa- 
rameters and that they do not move along the geodesies predicted by General 
Relativity. That is, we predict the violation of the equivalence principle. 
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20. We evaluated, in perturbation theory, the non-geodesic part of the motion in- 
terpreted as an anomalous acceleration. We found the anomalous acceleration, 
up to the first order in the perturbation parameter, when all the mass parame- 
ters are the same (uniform model) and we also found the anomalous acceler- 
ation, up to the second order in the perturbation parameter, when they are all 
different (non-uniform model). 

21. We found a static spherically symmetric solution of Matrix General Relativity 
in a simple model of Abelian 2x2 matrices. 

22. In particular, we found that there exists a range for the free parameters in the 
theory for which there is no horizon in the static and spherically symmetric 
solution. This is a completely new feature, which is absent in General Rela- 
tivity. In this particular Abelian case we computed explicitly the anomalous 
acceleration for both the uniform and non-uniform models. 

23. We applied our results to the analysis of a recently found anomaly in the tra- 
jectories of the Pioneer 10 and 11 spacecrafts. We found that there is a range 
for the free parameters of our theory which can be adjusted to give the right 
order of magnitude for the Pioneer anomaly . 

9.2 Future directions of research 

The results in this Dissertation open a variety of different opportunities 
for future research. In the following we present a list of some of the ideas involving 
the results we obtained for the non-perturbative heat kernel asymptotic expansion on 
homogeneous Abelian bundles. 
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• The study of complex manifolds is very important in mathematics. An Her- 
mitian manifold is a even-dimensional complex manifold on which a smooth 
Hermitian metric is defined. It can be shown that on this manifold there al- 
ways exist an antisymmetric 2-form, called the Kahler form, which is obtained 
from the Hermitian metric. It is well known, then, that an Hermitian manifold 
is a Kahler manifold if the Kahler 2-form is closed. If we assume that the 
curvature on the Kahler manifold is small, we satisfy all the conditions for 
the analysis done in Chapter 3 by just replacing the electromagnetic 2-form 
with the Kahler 2-form. Such analysis would give the heat kernel asymptotic 
expansion coefficients for the Laplacian defined on Kahler manifolds. This 
would be an important study especially in connection with String Theory in 
which one often uses complex manifolds. 

• Two dimensional quantum field theory has become very important over the 
past years. In fact, in two dimensions, one can obtain exact results for many 
cases of interest, which one can use to get a better understanding of how a par- 
ticular quantum system would behave in four dimensions. Our results, when 
restricted to dimension two, would dramatically simplify. The heat kernel 
asymptotic coefficients that we found can be used to evaluate the effective ac- 
tion for quantum fields in two dimensional curved space under the influence 
of a strong electromagnetic field. In particular, the coefficient b2 (linear in the 
Riemannian curvature) found here is responsible for the divergences in two di- 
mensions and can be used to regularize the theory. Moreover, if one considers 
conformal fields, the same coefficients would give the conformal anomaly. 
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• During the evaluation of the non-perturbative heat kernel asymptotic coeffi- 
cients, we introduced the generalized Hermite polynomials to represent the 
derivatives of the Schwinger heat kernel. These are polynomials in normal 
coordinates with coefficients given by analytic functions of the electromag- 
netic 2-form. It will be very interesting, from the mathematical point of view, 
to systematically study the most important properties of these polynomials. In 
particular, by finding the differential equations they satisfy one could attempt 
to prove some orthogonality relations between them. Moreover, it would be 
interesting to see if we can find some different representations, other than a 
Rodrigues-type formula find here, for the generalized Hermite polynomials. 
Lastly, it would be very interesting to find a recurrence relation especially for 
their derivatives. 

• The Dirac operator has been intensively studied both in mathematics and the- 
oretical physics. It is globally defined on a manifold M provided that M is 
orientable and has a spin structure. It can be proved that if M is compact, 
the Dirac operator is elliptic, self-adjoint, and it has a discrete spectrum. Of 
particular relevance is the index of the Dirac operator because it gives a mea- 
sure of the difference between left and right spinors due to the topology of the 
manifold M. This gives origin to the chiral anomaly ||47l[66l . It can be proved 
that the index of an elliptic operator, and in particular of the Dirac operator, 
can be expressed in terms of the heat kernel. The results obtained in this work 
could be used in order to study the index of the Dirac operator in four dimen- 
sions under the condition of large parallel U(l) curvature. It would be very 
interesting to analyze in what extent a strong electromagnetic field influences 
the number of left and right spinors and the chiral anomaly. 
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• The non-perturbative results that we obtained earlier, are valid for an arbi- 
trary Riemannian metric. Considering, in particular, Einstein manifolds, for 
which the metric satisfies Einstein's equations, would be very interesting in 
astrophysical situations in which the electromagnetic field is stronger than the 
gravitational field. In fact, by specifying our result for the imaginary part of 
the effective action in the Schwarzschild metric, we could describe particle 
creation in the surrounding areas of objects like pulsars and magnetars. In 
particular, once the imaginary part of the effective action for scalar and spinor 
fields is known, one can evaluate the current of created particles in the neigh- 
borhood of such astrophysical objects. 

Matrix Gravity is obviously of recent discovery, and much more research 
is needed to be done in order to unveil all of its features. In the following we list 
some ideas for future research. 



• It is well known that General Relativity cannot be quantized in a consistent 
way, because Einstein's theory is non-renormalizable. A satisfactory quan- 
tized theory of the gravitational field is the most important unsolved problem 
in present day theoretical physics. It would be interesting to study in detail 
whether or not Matrix Gravity can be successfully quantized. In fact. Matrix 
Gravity is nothing but a generalized cr-model, and therefore the problems of 
quantization are the same as a field theoretical cr-model. 

• An interesting study would be the analysis of some simple non-commutative, 
static and symmetric solutions of the dynamical equations, like a non-commut- 
ative Schwarzschild metric and a non-commutative DeSitter metric. The first 
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would describe a non-commutative black hole while the second would rep- 
resent a non-commutative cosmological model. The singularities in General 
Relativity appear when the geodesies in the spacetime cannot be prolonged to 
arbitrary values of their affine parameter, this means that all the geodesies con- 
verge to the singular point at a certain time. Since in our model the trajectory 
of particles is described by a bundle of trajectories, there is the possibility that 
the non-commutative black hole would be free of singularities. This would 
be an important feature of our model which is not present in General Rela- 
tivity. By analyzing a non-commutative cosmological model, like DeSitter, 
one could try to understand if our model predicts the accelerated expansion of 
the Universe without relying on the concept of Dark Energy. Having a theory 
that does not rely on the mysterious Dark Energy to explain the accelerated 
expansion of the Universe would be of fundamental importance. 

• Lastly, an important problem afflicting General Relativity is the flat rotational 
curves of galaxies. It is well known that the radial velocity of a non-relativistic 
fluid in rotation decreases, following a specific law, with the distance from the 
rotational axis. However, observations show that the radial velocity stays ap- 
proximately constant regardless of the distance from the center. In order to 
explain this discrepancy with the theory, the idea of Dark Matter has been 
introduced. By looking at the rotational curves of galaxies one is able to de- 
rive the distribution of Dark Matter (which is unobservable) within the galaxy 
and in its neighborhoods. Obviously this idea is not satisfactory from a the- 
oretical point of view. It would be interesting, then, to understand if a non- 
commutative model for galaxies could could explain the flat rotational curves 
without relying on the concept of Dark Matter. 
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